Clustering Validation



INTRODUCTION



Clustering

In machine learning, clustering is
defined as grouping objects based
on their over-all similarity (or
dissimilarity) to each other

Note that each object has multiple
dimensions, or attributes available
for comparison

It’s tempting to focus on_just one or
two attributes, but that is typically
not what we are doing in (machine
learning) clustering!

When we cluster, even if we were
to focus on one particular attribute,
all of the other attributes would still
come along for the ride

What is the same about these objects?
What is different?

Do they belong in the same group?
How many groups? How many classes?



Fruit Image Dataset

20 images of fruit

Are there right or
wrong groupings of
this dataset?

Are there multiple

possible ‘natural’
clusterings?

Could different
clusterings be used
differently?

Will some clusterings
be of (objectively)
higher quality than
others?




Making Concepts
Concrete

= To appreciate
clustering validation,
it helps to relate the
concepts to
something tangible

= |n what follows, take
the time to think
about how the
presented concepts
can be related to the
images from this
small dataset




KEY CONCEPTS ILLUSTRATED



Concept vs. Instance

We group instances of objects into
larger categories (clusters,
classes, types)

These larger categories can be
represented by a concept,
exemplar, representative or
definition

The concept (exemplar/definition)
is a generalized representation - it
captures something about all of
the instances

For a given grouping — can we
come up with a clear concept
that captures the ‘essence’ of
that grouping?

If yes, does that make it a good
clustering?

Exemplar,
Concept,
Representative

Definition: “the fleshy,
usually rounded red, yellow,
or green edible pome fruit of
a usually cultivated tree
(genus Malus) of the rose
family” Mirriam-Webster

Instances



Instance Properties

For machine learning purposes, we
represent properties of object instances

using vectors

Each vector element represents an

attribute of the object.
The value of the vector element

represents the value of that property (e.g.

the colour) of that object
Vector Properties:
Length

(= number of
dimensions/attributes)

For each dimension

Continuous/Discrete
Numeric/Categorical
Range/Possible Values

\"

—

[12, 9.12, round, golden delicious]

Does this vector sufficiently
describe this object?



Instance-Instance
Relationships

Defined relationships between
instances

Comparison functions between
instances:

« Take as input vectors or parts of
vectors

« Might only take certain types of input
(e.g. numeric)

* Outputs a comparison result
Similarity
« Similarity as defined on a single
dimension? Multiple dimensions?

« Can we come up with functions that
give us an overall similarity measure,
across all dimensions?

[3, 10.43, round, macintosh]
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[12, 9.12, round, golden delicious]



Distance

Distance is a popular strategy for
defining how similar to objects are to
each other

It is called distance because it is
calculated in the same manner as
Euclidean distance

Importantly, distance takes into account
all of the properties of the objects in
question — it doesn’t just focus on one
or two

Only numeric attributes are allowed as
input, but it is technically possible to
convert categorical attributes to
numeric ones

This only works as long as the
categorical concepts are in some sense
equidistant from each other,
conceptually. Consider as an example
where they are not - [apple, pear,
vegetable].

How far apart are these apples?



Cluster Properties

Number of instances

Similarity measures
across instances within
cluster

*  minimum similarity

* maximum similarity

* average similarity

Cluster Representative:
* may be an instance
* may be an amalgamation

of multiple instances (e.g.

exemplar)

Which are the most similar? Which are the
least? Which is the best representative?



Cluster — Instance
Relationship

= Comparison of instance to
cluster

= Might compare with
representative instance

» See also instance instance
relationships for
comparison between the
instance and specific
instances within the
cluster:

* instance with cluster instance
the greatest distance away
from it

* instance with cluster instance
that is most similar

Is this instance
similar to this cluster?
Does it belong in this
cluster?




Cluster — Cluster
Relationship

= Comparison of cluster
level properties:
* number of instances
* max or min similarity
» cluster representatives




Comparisons Summary

« Comparison of cluster
level properties
* number of instances
* max or min similarity
» cluster representatives
« Comparison of cluster to
instance properties

* instance vector to cluster
representative vector

« Comparison of instance
to instance properties
* similarity measures
« Comparisons may occur
both within cluster and
across clusters




Getting to quality clusters

« Cluster and instance
comparisons can be combined
in many different ways.

* These can be used to generate
a_vast number of different
cluster validation functions

 What do these tell us about the
quality of a particular clustering:

» relative to some objective criteria
about good clustering schemes

* relative to another clustering option

+ relative to external information (e.g.
functionality, natural classes)




A Quality Clustering? Natural?
2 Y

What level of quality is this clustering? Are there higher quality clusterings?
Lower? How would you quantify this? Use some of the introduced concepts?



TYPES OF CLUSTERING VALIDATION



Clustering Operations

Clustering involves two main
activities

» Creating clusters

» Assessing cluster quality

We create functions to carry out
both of these activities

Clustering functions
* Input: Instances (vectors)
*  Output: Cluster assignment to each
instance
Assessing cluster quality

* Input: Instances + Cluster
Assignments (+ similarity matrix,
usually)

*  Output: A numeric value

Clustering Validation
Function

Clustering Validation
Function

Clustering Validation
Function

—

e
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0.61

0.41

0.53



Clustering Validation Function Components

= There are a huge number of both of clustering and cluster validation
functions

= However, all are built up out of the basic measures relating to instance or
cluster properties we have already reviewed:
* Instance Properties
*  Cluster Properties
* Instance - Instance relationship properties
*  Cluster — Instance Relationship Properties
*  Cluster — Cluster Relationship Properties
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external validation

Three types of validation (

* [Internal Validation: Based only on properties O Q
available within a single clustering result O Q
(note that this comprises multiple clusters)

= Relative Validation: Comparison of one D O <] O O

(entire) clustering result with another D
= External Validation: Comparison of a (single)

clustering result with some external standard sharp edged obejcts round edged objects

internal validation

distance between clusters relative validation
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Clustering 1 VS Clustering 2




INTERNAL VALIDATION



Validity vs. Quality

Context is very relevant to the
quality of a given clustering

BUT what if we have no context?

Is there a way to objectively
measure cluster quality without
any specific context?

The term ‘validity’ suggests there
IS a correct clustering, and all we
need to do is see how close we
are to that

Alternatively Lewis, Ackerman
and de Sa (2012) use the term
Clustering Quality Measures
(CQM) instead




A (Small?) Sample of Internal CQMs

The Ball-Hall index

The Banfeld-Raftery index
The C index

The Calinski-Harabasz index
The Davies-Bouldin index
The Det Ratio index

The Dunn index

The Baker-Hubert Gamma index
The GDI index

The Gplus index

The KsgDetW index

The LogDetRatio index

The LogSSRatio index

The McClain-Rao index

The PBM index

The Point-Biserial index
The Ratkowsky-Lance index
The Ray-Turi index

The Scott-Symons index
The SD index

The SDbw index

The Silhouette index

The Tau index

The TraceW index

The TraceWIiB index

The Wemmert-Ganc, arski index
The Xie-Beni index

(These are all defined and available in the clusterCrit package for R)

What are we to make of all these different, supposedly context free measures of

clustering quality?




Very Broad Goals

Within clusters, everything is very similar.

Between clusters, there is a lot of
difference.

The problem: there are many ways for
clusters to deviate from this ideal.

In specific clustering cases, how do we
weigh the good aspects (e.g. high within
cluster similarity) relative to the bad (e.g.
low between cluster separation)

Thus the large number of CQMs

Question: is this trade-off (and the
resulting CQMs) really context
independent?

Maybe different weightings are more
relevant in different contexts?

large between
cluster difference

small within
cluster difference




Comparing measures across datasets

Vendramin et al 2010 used a number of benchmark tests to compared a
large number of intrinsic validation measures

Broad conclusion: variants of Silhouette performed well across tests
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Fig. 10 Mean values (bottom bar) and their differences (cells) for Pearson correlation between relative and external (Jaccard) criteria:
kmax = 25.



Machine Learning vs

Human Learning

» Lewis et al compare 6 common CQMs with human
evaluation of clustering results

« Main finding: Human clustering evaluation was
most similar to Silhouette and Calinski-Harabasz

« Maybe internal validation/CQM is saying something
about clustering across all contexts?

« Maybe easier to identify the clearly bad than all the

variations of good?
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Figure 1: All stimuli. Datasets are in rows; partitions are in
columns.



Silhouette Index: Algorithm

average distance to points in average distance to points in
own cluster (low is good) neighbouring cluster (high is good)

silhouette metric = (average dissimiliarity with neighbouring cluster - average dissimilarity with own cluster)
for a point

maximum dissimilarity value (own or neighbour)

A strong internal validation metric that incorporates a number of measures.



Ilnouette Metric Sample Results

Silhouette plot of pam(x = ndf, k = 5)

5 clusters C;

n=65
j: njlaveieg ¢
1: 31032
2: 28| 0.19
3: 13017
4: 16| 0.11
5: 51051
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Silhouette width s;

Average silhouette width : 0.2



Dunn’s Index: Algorithm

Within a cluster, the size of the
cluster (e.g. greatest distance
between points)

Between two clusters, the
distance between the clusters
(e.g. minimum distance
between points)

Ratio: The minimum
intercluster distance across all
pairs of clusters / maximum
intracluster distance across all
clusters

A number of possible ways to
define inter cluster distance
and cluster size.

smallest distance

largest distance

Comparison with Silhouette Index: In a
sense, a simpler measure. More of a
whole cluster measure, rather than a point
by point measure. Evaluates based on
extremes (max and min).



RELATIVE VALIDATION



More is better?

algorithm selection

i

. . clustering
= Getting a single algorithms
validation measure for a : . : —
single clustering is not : B ... : F'J o
4 - (; - Series2 ‘; < )4 (J y Series:
that useful — could the : . I : ay
results be better? Is this e A
the best we can hope l \ i
for? e v
* *

= How about comparing

results across runs or @@

parameter settings?

= Main emphasis with _
relative validation is how s

to compare results of
individual runs.




Correlation Measures

= Look at correlation between clustering assignments
= Rand, Jaccard, Gamma
» Perfect correlation gives maximum value of the measure

P1 P2 P3 P4 P5 P6 P1 P2 P3 P4 P5 P6

P1 1 P1 1 . .
Two very similar

P2 | o | 1 P2 | o | 1 clustering results
(but notice they vary

A R B B A B I in the number of

P4 1 0 1 1 P4 1 0 1 1 CIUSterS)

P5 0 1 0 0 1 P5 0 1 0 0 1

P6 0 0 0 0 0 1 P6 0 1 0 0 1 1




Rand’s Index

SS- the number of pairs of items
belonging to the same cluster in both
clusterings (C1 =1 and C2 =1)

SD- the number of pairs together in
one clustering but not the other
(C1=1and C2=0)

DS- the number of pairs not together

in one clustering but together in the
other (C1 =0and C2 =1)

DD- the number of pairs not together
in either cluster (C1 =0 and C2 =0)
Note that SS and DD are good, and
DS, SD are bad.

Rand Index is the ratio of SS + DD
to the total number of pairs. If Rand
Index = 1, the clustering perfectly
matches the gold standard.

Clustering 1 (C1)

Clustering 2 (C2)
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(SS + DD)/(SS + DD+ SD + DS)

4+9)/(4+9+0+2)=0.87




Stability

= Some options:

* multiple datasets sampled
from same source

» different columns used to
generate clusters (i.e.
drop a different column
each time)

= Similarity of results is
measured

= |f results are not stable
across clustering
schemes, further
investigation required
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EXTERNAL VALIDATION



Back to Context D

= Brings in outside information to
evaluate the clusters

= Qutside information is typically the

‘correct’ class D D@
= How is this different from Q D

classification then? R
atura roupings
= (Qften used to build confidence in the ) .

overall approach, based on
preliminary or sample results O Q
Y0 O
> 9
> Qg

Clustering Results




Example Metric: Purity

For this metric each
cluster is assigned to the
class which is most
frequent in the cluster

To calculate the purity:
number of correctly
assigned points /
number of points in the
cluster

Some other options:
precision, recall

Assuming we are interested in shape...

SQUARE CLUSTER

CIRCLE CLUSTER

purity = 66%

purity = 71%




Types of External
Validation

- Amig(r) et al (2009) provide a number Of Figure 1: Constraint 1: Cluster Homogeneity

constraints for external validation
measures Q (@®%) < Q (. %)

= They suggest external evaluation
strategies can be based on: Figure 2: Constraint 2: cluster completeness
+ set matching
+ counting pairs
* entropy measures
+ edit distance

= Similar to strategies used to evaluate

classification gl

. ) @

= They recommend using a particular Q (' <Q (
®

Figure 3: Constraint 3: Rag Bag

o)

version (Bcubed) of precision and recall
for external validation, as these best
take into consideration the 4 constraints

Figure 4: Clusters Size vs. Quantity



CONCLUDING THOUGHTS



Try and Try Again

= Alarge amount of diversity in
clustering validation
techniques

= Be aware of the types of
validation, and variations
within types

= Seek agreement across
techniques, ok to compare

» There are many ways for a
clustering to be ‘ok’ — you
need to decide what is
important and what can be
ignored

= Alot depends on context
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