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1 Introduction

Numerous factors influence the wait time at Canadian airports’ pre-board screening (PBS) check-
points: the schedule intensity of departing flights, the volume of passengers on these flights, the
number of servers and processing rates at a given checkpoint, etc.

The Canadian Air Transport Security Agency (CATSA) is tasked to ensure that the PBS expe-
rience at Canadian airports is made as efficient as possible by minimizing the waiting time at
checkpoints.

1.1 Objectives

Queuing Theory (QT) can be used to develop a Wait Time Impact Model (WTIM), which will
satisfy the following objectives:

1. provide estimates of the passenger arrival rates, the processing rates and the number of
servers at checkpoints from the field data available for all checkpoints;

2. for a given arrival rate, processing rate and number of servers, calculate the Quality of
Service (QoS) level under an appropriate queueing model assumption and determine what
service level can be achieved at the checkpoint (i.e. the percentage p of passengers which
will wait less than x minutes);

3. provide the average number of servers required to achieve a prescribed QoS level, given an
arrival profile in the queueing model, and

4. allow for the analysis of various scenarios (such as passenger growth, for instance) via the
tweaking of a small number of parameters and whenever the available data is updated.

1.2 Outline

The model establishes a relationship between the arrival rates, the service rates, the number of
servers and the service levels. Basic concepts, process descriptions, and limitations are provided
in Section 2.

The WTIM is best described via the flow-chart of Figure 1 (the various concepts will be defined
as they arise in the corresponding section):

1. computation of the arrival rates λ from the raw data (Section 3.2);

2. computation of the distribution of the number of servers c from the checkpoint utilization
reports (Section 3.3);

3. computation of the waiting time distribution Wq from the waiting time report (Section 3.4);

4. computation of the QoS levels (p, x) from the waiting time report (Section 3.4);

5. computation of the estimated QoS levels (p̂M , x) under the M/M/1 assumption (Section 3.5);

CQADS Project Number: 13-013 4
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Figure 1: WTIM flow. The dark blue parallelograms are CATSA-provided data inputs; the green boxes
indicate computed and derived values; the red circles are conceptual nodes; the light blue boxes represent
carry-over values, and the orange cells are validation steps.

6. validation of the M/M/1 assumption based on a comparison of (p̂M , x) and (p, x) (Sec-
tion 3.6);

7. computation of the estimated service rates µ̂M under the M/M/1 assumption (Section 3.5);

8. computation of the seasonal checkpoint regression parameters a and b under the combined
M/M/1 and Regression assumptions (Section 4.1);

9. computation of the estimated QoS levels (p̂R, x) under the combined M/M/1 and Regres-
sion assumption (Section 4.2);

10. validation of the combined M/M/1 and Regression assumptions based on a comparison of
(p̂R, x), (p̂M , x) and (p, x) (Section 4.3);

11. prediction of the number of servers cR under the combined M/M/1 and Regression assump-
tions (Section 5);

5 CQADS Project Number: 13-013
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12. validation of the combined M/M/1 and Regression assumptions based on a comparison of
cR and c (Section 5.3);

13. computation of the checkpoint departure parameters d under the combined M/M/1, Re-
gression and Departure assumptions (Section 5.3);

14. computation of the estimated QoS levels (p̂D, x) for various projected arrival growth rates
λ∗ under the combined M/M/1, Regression and Departure assumptions (Section 6.2);

15. prediction of the number of servers cD for various projected arrival growth rates λ∗ under
the combined M/M/1, Regression and Departure assumptions (Section 6);

16. final validation of the combined M/M/1, Regression and Departure assumptions based on
a comparison of (p̂D, x) and cD with empirical data (Section 6.3).

In order to illustrate the WTIM process, its details are worked out on a step-by-step basis for the
Domestic/International Checkpoint at the Edmonton International Airport (YEG), based on 2012
data. The results are shown at the end of each sections, under the heading YEG (DI) − 2012
(continued).

A summary of results for all checkpoints is also provided, as well as recommendations and sug-
gested next steps.

2 Preliminaries

2.1 Definitions

In this section, the various mathematical concepts to which the report will refer are described.

• An M/M/c queueing model describes a system where arrivals form a single queue and are
governed by a Poisson process (the first M), units arriving are processed by c servers and
service times are exponentially distributed (the second M).

• A Poisson process is a stochastic process where the time between any two consecutive event
has an exponential distribution with parameter λ.

• The arrival rate is the rate at which passengers arrive for PBS (i.e. passengers per minute),
the service rate is the processing rate at a screening line (i.e. maximal potential through-
put), the number of servers is the number of screening lines and the service level is the
percentage of people waiting less than a given number of minutes at a checkpoint.

2.2 Description of PBS Process

At each checkpoint, the PBS process is structurally similar: passengers arriving at the beginning
of the main queue may have their boarding passes scanned at the S1 position, but they are always
scanned at the S2 position (see figure 2).

CQADS Project Number: 13-013 6
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Figure 2: Schematics of pre-board screening (PBS). Passengers enter the main queue, where their boarding
pass may be screened at S1. Once they reach the end of the main queue, their boarding pass is screened at
S2 and they are sent to one of the active lines for processing.

2.3 Available Data Sources

For each checkpoint, CATSA provides three datasets.

Raw Data: for each passenger scanned once they reach the end of the main queue, this dataset
records the date, the scan time upon entering the main queue (S1), the scan time upon
exiting the main queue (S2), and the wait time between S1 and S2. As a passenger may
not have been scanned upon entering the main queue, the fields for S1 and the wait are
sometimes empty. The Raw Data contains other variables as well, but they are not used by
the WTIM at this stage.

Checkpoint Utilization Report: for each day of the year and each 15−minute block, this dataset
records the maximum number of open lines. The CU Report contains other variablesas well,
but they are not used by the WTIM at this stage.

Waiting Time Report: consists of the subset of Raw Data for which S1 and S2 are both available.
Observations for which the wait time exhibits outlying behaviour have also been removed.

3 M/M/1 Queueing Model

One of the difficulties for the situation under consideration is that the number of servers varies
with time, according to different factors: there are times when all servers are busy, others when
a number of open servers are idle, and the number of open servers changes according to some

7 CQADS Project Number: 13-013
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(a) M/M/c (b) M/M/1

Figure 3: Conceptual visualization of an M/M/c queueing system as an M/M/1 system: the c servers can
be considered as 1 generalized server.

vacation policy which it is difficult to model. This is problematic when using an M/M/c model
as service rate estimates depend, amongst other things, on the number of open servers.

It is possible to circumvent this issue altogether, without invoking Vacation Models, by notic-
ing that an M/M/c queueing system may be viewed as an M/M/1 queueing system, where the
servers are hidden behind a generalized server (see Figure 3). Under that interpretation, the ser-
vice rates can be estimated independently of the number of servers. Furthermore, not only do
M/M/c results still hold for M/M/1 (simply by setting c = 1 in the appropriate theorems), but
the quantities to be computed tend to be simpler in the generalized case.

While this conceptual simplification has removed some of the difficulties associated to server
vacation, there remains, another problem: the theory of M/M/1 systems, alone, is not sufficient
to recover (and later predict) the actual (and hidden) number of servers for the checkpoint. This
situation can be addressed by finding another way to link the arrival rates, the estimated service
rates and the number of servers (see Section 4.1).

3.1 Clustering

In order to better predict the average behaviour of a system and its possible outcomes, a wide
range of typical patterns must be considered. When analyzing the behaviour of queues, it may
become necessary to group the data into meaningful clusters exhibiting similar properties (for
example, properties that can be characterized by the same Poisson process).

This approach allows for proper estimation of queuing model parameters (arrival rates, process-
ing rates, etc.), which in turn yields the most reliable results. The selection of the appropriate
cluster size relies on finding a balancing point between two extremes.

• In order to properly define the stochastic process, a minimum amount of data with similar
properties is required. If clustering is not performed (i.e., if the clusters are too large), the
data may present different characteristics which cannot be represented by a single Poisson
process.

• On the other hand, if the clusters are too small, they may not contain enough data to capture

CQADS Project Number: 13-013 8
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the underlying properties. More importantly, clusters that cover too short a period are
unlikely to exhibit the statistical behaviour of the process.

A preliminary analysis of the model’s accuracy was assessed based on the following clustering
criteria:

• Checkpoint

• Weekly patterns (day of week versus weekday/weekend)

• Seasonal patterns (season versus month)

• Daily patterns (2-hour period versus 4-hour period)

The cluster combination that produced the most encouraging queueing results when compared
against actual reports was: checkpoint, weekday/weekend, season, 4 hour-period.

Clustering also plays a role in the Regression stage of the model (Section 4), but the optimal
regression cluster combination need not be the same as the queueing cluster combination.

3.2 Computing the Average Arrival Rate

Since not all boarding passes are scanned at S1, the Wait Time report (S1 data) cannot be used to
derive the cluster arrival rates.

The S1−S2 line-up (main queue) is a birth-death process (i.e. a reversible one-dimensional Markov
chain). In particular, the forward chain S1 − S2 and the reversed chain S2 − S1 are stochastically
identical and so the arrival epochs of the reversed chain are the departure epochs of the forward
chain. We can then use Burke’s Theorem for M/M/c queues at steady states.

Theorem 1 (BURKE’S THEOREM, [1]) Consider an M/M/c queue in the steady state with arrivals
modeled by a homogeneous Poisson process with rate parameter λ. Then the departure process is also
a homogeneous Poisson process with rate parameter λ.

This does not rule out the possibility that, at a particular time, the arrivals at S1 could be greater
than the departures at S2, due to the inherent randomness of Poisson processes. But all S1 arrivals
will eventually leave at S2 and thus the fluctuations at S2 follow the same statistical property gov-
erning arrivals to the queue. Therefore, the arrival rates can be estimated by using data readings
at S2 within a given cluster.

It remains only to show that arrivals follow a homogeneous Poisson process in each cluster (this
is a common hypothesis). To do so, one must show, assuming is the number of arrivals in the
cluster by time t is denoted by N(t), that (see [4, 3])

1. N(t) is a counting process;

2. N(t) has independent and stationary increments;

9 CQADS Project Number: 13-013
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(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

Table 1: Total number of hours, count of arrivals and average arrival rates, per cluster, per quarter.

3. The number of arrivals in any time interval of length t is Poisson-distributed with mean λt,
i.e. for all s, t ≥ 0,

P (N(t + s)− N(s) = n) = e−λt (λt)n

n!
, n= 0,1, . . .

The first assumption is obviously satisfied. The second assumption is satisfied with the intro-
duction of clusters. The third assumption holds if the inter-arrival times (the times between
consecutive events) are independent and identically distributed (i.i.d.) exponential random vari-
ables with the same rate λ: analysis of S2 in the raw data with EasyFit suggests that this is indeed
the case.

YEG (DI) − 2012

The total count of arrivals for each cluster are shown in Table 1. Notice that the arrival rate λ is
simply calculated by dividing the count in each cluster by the number of minutes (the number of
hours × 60 minutes) in each cluster, independently of whether the checkpoint was always open
or not during period spanned by the cluster. A low arrival rate may thus indicate either that
checkpoint traffic was low or intermittent for the cluster, or that it was closed for some or all of
the period that it spans.

CQADS Project Number: 13-013 10
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3.3 Computing the Average Number of Servers

The number of active servers (open lines) at each checkpoint can be adjusted at any moment
during each time period, in order to accommodate fluctuations in arrivals. The CU reports do not
quite record the number of active servers (open lines) or the average number of active servers
during each 15-minute block; rather, they record the maximum number of simultaneously active
servers for each block. It is reasonable to hope that the discrepancy between the actual numbers
and the reported number is fairly small, due to the short duration of the blocks.

At any rate, data is not available for smaller time scales. As long as the distinction between
the theoretical c and the reported c is kept in mind when interpreting the results, this issue is
unlikely to cause serious problems.

YEG (DI) − 2012 (continued)

A cluster-by-cluster distribution of the number of active servers is easy to compute (see Table 2).
Clusters for which the average arrival rate is low (as seen in Table 1) tend to have distributions
with low number of servers, whereas those with high traffic rarely have a small number of active
servers.

3.4 Computing the Average Wait Time and the Empirical QoS

As has been discussed previously, not all wait time data is available since a number of passengers
did not get their boarding passes scanned at S1. However, if the subset of those passengers for
which there is an S1 scan is fairly representative of the larger and more comprehensive raw data,
it is reasonable to expect that the parameters and quantiles of the wait time distribution can be
estimated from the subset provided by the wait time report.

Of course, since the full wait time data is inaccessible, it is impossible to verify whether this as-
sumption of representativeness is met in reality. But it appears that there are three main reasons
why a raw data observation is not included in the wait time report:

1. the passenger was scanned at S1, but the calculated wait time w= S2−S1 is classified as an
outlier because it is uncharacteristically large compared to neighbouring passenger scans
(the passenger might have left the main queue for any number of reasons);

2. the passenger was not scanned at S1 because too many ppassengers were entering the main
queue at roughly the same time and the S1 scanner was overwhelmed, or

3. the main queue was empty when the passenger arrived and so the passenger was processed
immediately, leading to w= 0.

In the first two instances, the absence of wait time data in the subset does not introduce a bias in
the estimates. However, that’s not necessarily the case for the third instance, as, if a large number
of such observations were removed to create the wait time report, the estimates are likely to be
biased. This is likely to affect the predicted QoS levels in the small wait time regime. Finally, it
should be noted that it is possible that a passenger enters the main queue in one cluster and leaves

11 CQADS Project Number: 13-013
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the main queue in another cluster, especially if the passenger entered near the end of a cluster. In
order to remain compatible with the computation of the cluster arrival rates, the cluster in which
the wait time w= S2 − S1 is recorded is the cluster in which S2 falls.

YEG (DI) − 2012 (continued)

The average wait time and quantiles are shown in Table 3. Note that there are clusters for which
no wait time data was collected, and that the number of wait time observations is smaller than
the corresponding arrivals in each cluster (see Table 1 for a comparison).

3.5 Estimating the Service Rates and the Performance Levels

Consider an M/M/c queue. The probability that a passenger has to wait upon entering the queue
is given by

C(c, cρ) =

�

(cρ)c

c!

��

1
1−ρ

�

∑c−1
k=0

(cρ)k
k! +

�

(cρ)c
c!

��

1
1−ρ

� ,

where λ is the arrival rate, µ is the service rate, c is the number of servers, and ρ = λ/(cµ) is the
traffic intensity of the system, while the wait time distribution for the queue is the conditional
exponential distribution satisfying

P(Wait time ≤ x) = P(Wq ≤ x) = 1− C(c,ρ)e−(cµ−λ)x .

for x > 0 [3]. From this, it is possible to conclude that the average wait time W q of a passenger
in such a queue is given by

W q =

∫ ∞

0

x P ′(Wq ≤ x) d x =
C(c,ρ)
cµ−λ

.

For the generalized M/M/1 queue, this translates to

C(1,ρ) = ρ, p(x) = P(Wq ≤ x) = 1−ρe−(µ−λ)x and W q =
ρ

µ−λ
. (1)

In particular, if the processing rate µ is unknown but the arrival rate λ is known and the average
wait time W q can be computed by other means, then it is possible to recover µ from the last
equality in (1):

µ̂M =
W qλ+

r

W
2

qλ
2 + 4W qλ

2W q

, (2)

assuming W q > 0 (the negative solution being discarded). Note that, in theory, the estimated
traffic intensity ρ̂M = λ/µ̂M < 1, which means that µ̂M − λ > 0 and that the QoS levels can be
estimated by

p̂M(x) = 1− ρ̂M e−(µ̂M−λ)x ∈ (0,1) for all x > 0. (3)

In practice, however, the queueing system is not an exact (generalized) M/M/1 queue, and even
if it were, the exact cluster arrival rates and average waiting times can at best estimated from the

CQADS Project Number: 13-013 12
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(a) First quarter

(b) Second quarter

(c) Third quarter

(d) Fourth quarter

Table 2: Distributions of the number of active servers, per cluster, per quarter. The total number of hours
in each clusters is shown in Table 1.
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available data. Furthermore, the estimated cluster average waiting times may be biased due to
the nature of the missing observations in the wait time report.

Should that bias become too large, it is possible that the estimated traffic intensity ρ̂M takes
on a value greater than 1 for some clusters, which makes it impossible to use (3) to estimate those
unstable clusters’ QoS levels under the M/M/1 assumption. This situation can be addressed so
that a service rate and QoS level estimates can be produced nonetheless (see Section 4.2).

YEG (DI) − 2012 (continued)

The estimated service rates, traffic intensities and quantiles are shown in Table 4 (compare with
Table 3). Note that estimates for those clusters in which no wait time data was collected cannot
be provided.

3.6 Validating the M/M/1 Assumption

A number of hypotheses have been made concerning the nature of the clusters, the arrival rates,
the average wait time and the service rate in order to progress towards an accurate model. These
assumptions are not always easy (and in some instances, are actually impossible) to test. The
easiest way to validate the (generalized) M/M/1 assumption remains to compare its wait time
predictions with those of the actual wait time distributions.

In essence, for each cluster, the QoS levels p = pn(x) and the estimated QoS levels p = p̂M ,n(x)
represent two families of indexed curves: performance p as a function of the waiting threshold
x for the cluster Cn. The M/M/1 assumption is validated if those two families are “close” to one
another. For each cluster Cn (with non-zero waiting data), consider

1. the largest relative difference ratio

τM
n =max

x

�

|pn(x)− p̂M ,n(x)|
|pn(x)|

�

between the QoS level curve and the estimated QoS level curve, and

2. the relative area ratio

αM
n =

�

�

�

�

�

∫∞
0
(pn(x)− p̂M ,n(x)) d x
∫∞

0
pn(x) d x

�

�

�

�

�

of the (signed) area between the curves to the area under the QoS level curve.

If p̂M ,n(x)≈ p(x), then both τM
n and αM

n should be small. By construction, τM
n is more likely to cap-

ture the short wait time bias discussed previously. In order to avoid difficulties linked to outlying
clusters (sensitivity of the mean) and to clusters with a small number of arrivals (disproportional
influence), it is preferable to not only consider the average and variance of the distributions for
τM

n and αM
n , but rather to examine the weighted quantiles of those distributions, with weights ωn

given by the number of arrivals in the cluster Cn.
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(a) First quarter

(b) Second quarter

(c) Third quarter

(d) Fourth quarter

Table 3: Average waiting time and service level performances, per cluster, per quarter. Notice that the
counts are different than those shown in Table 1.
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YEG (DI) − 2012 (continued)

The weighted quantiles are shown in Table 5. The table can be read as follows: for instance, at
the checkpoint level,

P(αM ≤ 0.0166) = 0.90 and P(τM ≤ 0.2132) = 0.95,

whereas P(αM ≤ 0.0157) = 0.75 and P(τM ≤ 0.0384) = 0.25 during the third quarter. The
extreme maximum values for both αM and τM are easily identified as outliers. All in all, both
measures seem to indicate that the M/M/1 assumption is reasonable at the checkpoint level,
especially when taking into consideration that the large quantiles for τM are due to a poorer
performance in the third quarter.

4 Regression Model

Given a Poisson arrival rate λ, an average waiting time W q for an exponential distribution and
stable clustering periods, the QoS level curves {p̂n(x)} can be recovered from (1), (2) and (3),
under the (generalized) M/M/1 assumption. But what about the number of servers c?

4.1 Linking the Service Rate, the Arrival Rate and the Number of Servers

In theory, the service rate is constant in a (generalized) M/M/1 queue: each server has a fixed
capacity, and it operates, constantly, at that capacity. In practice, however, this is not the case: the
(total) service rate for a given arrival rate is likely to increase if the number of open lines in the
generalized server increases, and vice-versa (assuming of course that there is a non-zero average
wait time upon entering the main queue).

It’s also likely, given the non-mechanical nature of the servers’ operators, that other factors (such
as a sudden increase in the arrival rates leading to most or all lines of the generalized server be-
coming open) could affect the service rate.

The Regression assumption is that, on a quarterly level, the cluster service rate µ = µ(c,λ)
is a function of the number of active servers c (hidden behind the generalized server) and the
arrival rate λ, and that this functional relationship is the same for all the regression clusters mak-
ing up each of the quarters. It is economical to re-use the (generalized) M/M/1 clusters for the
regression (although it is not necessary to do so).

YEG (DI) − 2012 (continued)

The arrival rates per line λ/c and estimated service rates per line µM/c are shown in Table 6.
Only those clusters for which the average number of servers c > 1 are used in the regression (see
Section 5.2 for details).
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(a) First quarter

(b) Second quarter

(c) Third quarter

(d) Fourth quarter

Table 4: Estimated service rates and service level performances under the M/M/1 assumption, per cluster,
per quarter. Compare with Table 3.
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Table 5: Quantiles of the Area Ratio (αM ) and Maximal Difference Ratio (τM ), per cluster, and for the
entire checkpoint.

4.2 Estimating the Service Rates and the Performance Levels

The form taken by the functional relationship determines the estimated service rates µ̂R and the
QoS level curve p̂R,x for each cluster. Fortunately, the simplest case yields fairly accurate results:
set

µ= µ(c,λ) = ac + bλ, for some a, b,

where c is as computed in Section 3.3, which can be re-written as

µ

c
= a+ b

λ

c
, for some a, b. (4)

Evidently, then, in order to determine the optimal constants â and b̂, one needs to regress the
service rate per line against the arrival rate per line. The best available estimate for µ

c remains
µM
c , and since the regression clusters are identical to the M/M/1 clusters, the estimated service

rates µM do not need to be re-calculated.

Once â and b̂ are known, the estimated service rates µ̂R are easily computed as

µ̂R = âc + b̂λ (5)

for each quarterly cluster.

The estimated QoS level curves p̂x sit is sufficient to substitute (4) into (3) to obtain the QoS
level approximations

p̂R,x = 1−
λ

âc + b̂λ
e−(âc+b̂λ−λ)x . (6)

If ρ̂R = λ/(âc + b̂λ) > 1, the cluster is unstable (see comments at the end of Section 3.5) and
p̂R(x) cannot be produced for that cluster.

The unspoken assumptions are that the quarterly regressions produce good fits, and that there is
a quarterly characteristic to the service rate.
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(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

Table 6: Arrival rates (per server) and estimated service rates (per server), per cluster, per quarter. Then
entries in red are not used in the regression.

YEG (DI) − 2012 (continued)

The regression graphs and parameters are shown in Figure 4. The assumption that the service
rate is affected by both the number of open lines and the arrival rate is clearly met in practice.
Note the goodness-of-fit improvement over the year.

The estimated service rates, traffic intensities and quantiles are shown in Table 6 (compare with
Tables 3 and 4). Note that estimates for those clusters in which no wait time data was collected
cannot be provided.

4.3 Validating the Combined Assumptions

As before a number of hypotheses have been made about the appropriateness of the Regression
assumption. The easiest way to validate the combined (generalized) M/M/1 and Regression
assumptions is still to compare the wait time predictions with those of the actual wait time distri-
butions.

The Regression Area Ratios αR and Regression Maximal Difference Ratios τR are defined in a
similar manner as αM and τM .
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YEG (DI) − 2012 (continued)

The weighted quantiles are shown in Table 8 (compare with Table 5). The extreme maximum
values for both αM and τM tend to be lower, but there is a bit more spread among the cluster
quantiles, which is not surprising as the regression assumption has introduced some uncertainty.

The combined M/M/1 and Regression assumptions are not as accurate as the M/M/1 queue-
ing system on its own (some of the quantiles seem a bit high), but since there is no way to extract
the number of servers c without introducing an external relationship µ = µ(c,λ), the numbers
are still satisfactory. Further regression possibilities are explored in Section 8.

(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

(e) Regression parameters

Figure 4: Regression of the cluster estimated service rates (per server) against the cluster arrival rates (per
server), per quarter. The regression parameters are also gathered.
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(a) First quarter

(b) Second quarter

(c) Third quarter

(d) Fourth quarter

Table 7: Estimated service rates and service level performances under the regression assumption, per
cluster, per quarter. Compare with Tables 3 and 4.
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Table 8: Quantiles of the Area Ratio (αR) and Maximal Difference Ratio (τR), per cluster, and for the entire
checkpoint.

5 Predicting the Number of Servers Under the Combined As-
sumptions

Given regression parameters a and b, an average arrival rates λ > 0 and QoS levels px ∈ (0,1)
for and x > 0, the average number of active servers c > 0 can be obtained by solving for c in

1− p =
λ

ac + bλ
e(λ−ac−bλ)x . (7)

While (7) cannot be solved for positive c using elementary functions, numerical solvers (such as
MATLAB’s non-linear solver fsolve) can be used to find an approximate solution.

However, in instances where such a solver is either unavailable or inconvenient to use (as is
the case with SAS), an approximate solution can still be calculated using the Lambert W function
[2]. Equation (7) can be re-written as

(ac + bλ)e(ac+bλ)x =
λ

1− p
eλx ,

which, upon multiplication by x , becomes

(ac + bλ)xe(ac+bλ)x =
xλ

1− p
eλx .

Setting y = (ac + bλ)x and z = xλ
1−p eλx > 0 in this last equation yields ye y = z. The solution for

positive z is y =W0(z), where W0 represents the main branch of the Lambert W function. Then

y = (ac + bλ)x =W0(z) =W0

�

xλ
1− p

eλx
�

,

which can be re-arranged to yield

c = −
bλ
a
+

1
ax

W0

�

xλ
1− p

eλx
�

=
1

ax

�

W0

�

xλ
1− p

eλx
�

− bλx
�

. (8)

But W0(z) cannot be evaluated by elementary means except at special z−values, and so one has
to rely on efficient numerical algorithms to recover c [2].
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Figure 5: Graph of W0(ew)−w (in blue), together with logarithmic trend line (in black).

5.1 Estimating Lambert’s W Function

However, in order to predict the number of servers for various service level performances, the
formula (8) needs to be implemented≈ 100,000 times in SAS for each checkpoint. As SAS doesn’t
lend itself particularly well to repeated algorithmic computations, it becomes imperative to find
a quick and relatively accurate alternative approach. Re-write z = ew. A graph of W0(z)− ln z =
W0(ew)− w for integer values w = 1, . . . , 1000 (computed separately with MATLAB’s built-in W
function) appears to show logarithmic growth, as can be seen in Figure 5. This suggests that
W0(ew)−w could be approached by

W0(e
w)−w≈ q1 ln w+ q2. (9)

Indeed, q1 = 1.031 and q2 = 0.207 provide an excellent fit for w ∈ (1, 1000). Consequently, the
Lambert W function is approximated by

W0(z)≈ ln z + 1.031 ln(ln z) + 0.207, e ≤ z ≤ e1000, (10)

and (8) becomes

cR ≈
1

ax

�

ln
�

xλ
1− p

eλx
�

+ 1.031 ln
�

ln
�

xλ
1− p

eλx
��

+ 0.207− bλx
�

, (11)

as long as e ≤ xλ
1−p eλx ≤ e1000.

YEG (DI) − 2012 (continued)

The first order of business is to determine the parameters to use in (11). The arrival rates λ are
found in Table 1, while the regression parameters are those of Figure 4e. The cluster QoS levels
are a little bit less obvious to select. Indeed, a given cluster’s worth of observations is characterized
by an entire QoS level curve (p(x), x), whereas (11) only calls for one pair (p, x).
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(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

Table 9: Actual average arrival rates, service level performances and average number of servers, per cluster,
per quarter.

• When the p15 service level is available (i.e. when p15 6= 1), set (p, x) = (p15, 15).

• If p15 = 1 and p10 6= 1, set (p, x) = (p10, 10).

• If p15 = p10 = 1 and p5 6= 1, set (p, x) = (p5, 5).

• Otherwise, discard the cluster.

The parameters are shown in Table 9, and the prediction results cR for the average number of
active servers per cluster are shown in Table 10. The accuracy of the predictions offsets some of
the (slight) uncertainty appearing in Table 8. Evidently, then, the (generalized) M/M/1 model
is better-suited than the combined model to determine the QoS level curves (px , x), but the com-
bined model nevertheless provides good estimates for c (at least, for this checkpoint).

5.2 Classifying the Clusters

As can be seen in Table 10, the predicted average number of active servers is not available for all
clusters, due to some technical characteristics of the cluster. In Tables 7a and 7b, some clusters
do not have an associated estimated QoS level curve, again due to some technical characteristics
of the cluster. To simplify the interpretation of the results, clusters are classified according to one
of two schemes.
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(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

Table 10: Predicted and actual number of servers under the M/M/1 and regression assumptions, per
cluster, per quarter.

In the original classification, clusters are flagged with

1. if λ= 0, the flag is 0;

2. if λ > 0, then

(a) if W q = 0 or c < 1, the flag is 0.5;

(b) otherwise, the flag is 1.

In the modified classification,

1. if λ= 0, the flag is 0;

2. if λ > 0, then

(a) if W q = 0, the flag is 0.5;

(b) if W q > 0, then

i. if ρR ≥ 1, the flag is 1.5;
ii. if ρR < 1, then

A. if c < 1, the flag is 2;
B. else, the flag is 1.
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(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

Table 11: Original and modified cluster classifications, per cluster, per quarter.

In both schemes, only the clusters for which the flag 1 or higher are used in the regression, which
translates into a higher number of regression clusters for the modified scheme. Moreover, cR is set
to 0 when the flag is 0, and to 1 when the flag is 0.5. In any other cases, it is computed according
to (11). For the rare quarterly instances where the regression parameters a and b are undefined
because too few clusters were included in the regression model, cR is simply set to c.

The original scheme was implemented at CATSA’s behest to be compatible with their schedule
optimizer; the modified scheme, which will be implemented in any future iteration of the model,
retains this compatibility while allowing for a finer cluster classification.

YEG (DI) − 2012 (continued)

The two classification schemes are shown in Table 11. Note that there are no clusters flagged as
0 for this checkpoint.

5.3 Validating the Combined Model, Checkpoint Departure

The relative accuracy of (11) suggests another method to validate the combined model. For any
given checkpoint, the plot of cR against c strongly suggests that the variables are linked according
to

cR = d · c, for some d.
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(a) Original classification (b) Modified classification

(c) Departure parameter

Figure 6: Regression of the predicted average number of servers against the actual average number of
servers, in both the original and the modified cluster classification. The departure parameters are also
shown.

Linear regression once again determines the optimal d̂ for each checkpoint. The departure pa-
rameter d̂, then, serves as a measure of the predictive model’s departure from reality.

If d̂ ≈ 1 (i.e. cR ≈ c), then the assumptions that go into the combined model are justified a
postiori, in the context of predicting the average number of active servers. The modified predic-
tions cD for a checkpoint where d̂ is large or close to 0 may still be accurate, but an analysis should
be undertaken to understand if any anomalous activity may be in play.

YEG (DI) − 2012 (continued)

The departure parameters and regressions of cR against c are shown in Figure 6, for the two clas-
sifications. The clusters which were excluded from the regression in the original classification
due to their small c values (because the checkpoint was closed for parts these clusters’ time pe-
riods) appear in the bottom-left corner in the modified classification, and fit the linear pattern
quite tightly, which is reflected in the near equal departure parameters for the two classification
schemes.

6 Predicting the Number of Servers Under the Departure As-
sumption

But the departure parameter d plays another role: it can be used to refine the estimates of the
predicted number of active servers cR.
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(a) Regression and departure parameters (b) Forecasted arrival rate growth

Table 12: Regression and departure parameters, per quarter; arrival rate growth parameters, by year.

Given quarterly regression parameters a and b, and the checkpoint departure parameter d, setting

cD = d · c (12)

in (5) yields

µD =
a
d

cD + bλ, (13)

so that

pD,x = 1−
λ

a
d c + bλ

e−(
a
d c+bλ−λ)x , (14)

and

cD ≈
d

ax

�

ln
�

xλ
1− p

eλx
�

+ 1.031 ln
�

ln
�

xλ
1− p

eλx
��

+ 0.207− bλx
�

. (15)

YEG (DI) − 2012 (continued)

The quarterly regression parameters and the checkpoint parameter is shown in Table 12a.

6.1 Estimating the Service Rates and the Performance Levels

The service rates µD and the QoS levels (pD,x , x) can be computed directly from (13) and (14),
exactly as in Sections 3.4 and 4.2.

YEG (DI) − 2012 (continued)

Since the focus of the Departure assumption is to provide refined predictions for the average
number of active servers, the best estimates for the service rates and QoS levels are those given
by the M/M/1 model (see Table 4) or the Regression model (see Table 7).

6.2 Forecasting the Number of Active Servers

The only information that is required in order to forecast the average number of active servers cD

for a cluster using (12) is:

• the regression parameters a and b;

• the checkpoint departure parameter d;

• an arrival rate λ and a QoS level (p, x).
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For a given cluster, a, b and d are fixed and obtained via historical data. For a given QoS level, cD

is thus a function of λ, and this is the parameter for which a forecast is needed in order to provide
a prediction.

YEG (DI) − 2012 (continued)

The arrival rate growth forecast for 2013−2019 is shown in Table 12b. The forecasted arrival rate
value is obtained simply by multiplying the original cluster arrival rate by the appropriate growth
factor. Various scenarios are shown in Table 13, using the modified cluster classification. Note
that the predicted average number of active servers is automatically 1 for all clusters classified as
0.5.

6.3 Validating the Forecast

The validation in this case is a bit different: it makes little sense to compare the predicted value
cD with the actual c as the prediction depends not only on the arrival rate forecast (which could
be different from the actual arrival rate), but also on the attained QoS levels (for which an in-
dependent forecast is unavailable). The best validation alternative is to wait for the data to be
collected, determine the actual cluster arrival rate and QoS level and to use (12) to determine a
new prediction cD, which will then be compared with the actual c.

7 Results for All Checkpoints

As there are 26 checkpoints in total, results for each of them following the pattern established in
this report for YEG (DI) − 2012 have not been prepared in order to keep the length of this report
down to a manageable size. However, the underlying data has been provided to CATSA in various
tables.

8 Supplemental Comments and Recommendations

Perhaps the foremost conclusion is that the M/M/1 model on its own provides the best QoS levels
estimates, while the best estimates of the average number of active servers are provided by the
Departure model.

This discrepancy may be partly explained by the fact that, in any modeling endeavour, some
loss of information is inevitable due to the necessity of making simplification assumptions. Here
is a list of possible issues which could reduce the WTIM’s accuracy.

1. The underlying arrival processes are roughly Poisson, and the wait time distributions are
roughly conditionally exponential for each cluster; depending on the distance between the
theoretical process and the empirical data, the M/M/1 assumption may be inappropriate.

2. The wait time distribution may be seriously biased as not every boarding pass has been
scanned at S1, and there are no easy way to verify how representative the subset of those
for which wait time data is available actually is.
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(a) First quarter

(b) Second quarter

(c) Third quarter

(d) Fourth quarter

Table 13: Predicted average number of servers under the modified cluster classification for two scenarios
(arrival rates and service level performances), per cluster, per quarter.
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3. The server vacation policy is unknown, and may not be uniformly adhered to (if one even
exists).

4. The actual number of active servers is only crudely approximated by the maximum number
of active lines within a 15 minute block.

5. The service rate seems to depend on factors other than the number of active servers and
the arrival rate, leading to wildly different outputs for similar inputs and contributing to the
lessened accuracy of the regression model when estimating QoS levels.

6. Different checkpoints might require different optimal clustering strategies.

It might be possible to minimize some of that information loss simply by selecting a slightly more
sophisticated regression functional form in (4). Preliminary analysis suggests that the choice

µ= µ(c,λ) = ac + f c2 + bλ

may provide better QoS results. Further analysis is needed in that regard, as it is clear that other
factors need to be included in order to get the best possible fit and to minimize the number of
clusters which become unstable as a result.

Finally, it is conceivable that while adding more historical data to the model, going too far back
into the past may bias the results if policy changes have lead to characteristically distinct underly-
ing data over the years. It seems clear that at least one year’s worth of data is needed, but, as the
datasets only contained trustworthy data for the year 2012, it is still too early to get a definitive
answer on this topic.

A Service Level Curves

For a given checkpoint and cluster, assuming only that the M/M/1 model holds, it is straightfor-
ward to compute the processing rate µ corresponding to a set arrival rate λ and QoS level (p, x),
according to the machinery developped in Section 3: indeed, from

p = 1−
λ

µ
e−(µ−λ)x ,

one obtains

µ̂=
1
x

W0

�

xλ
1− p

eλx
�

, (16)

where W0(x) is the Lambert W function (see Section 5). The cumulative distribution function
(cdf) p(x) can then be computed easily by noting that

p(x) = 1−
λ

µ̂
e−(µ̂−λ)x for x = 0, 1,2, . . . .

Note that, theoretically, p(0) = 1− λ
µ̂ represents the number of customers who are served with no

wait time in the queue. As discussed previously, the quality of that estimate is directly linked to
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the quality of the waiting time data. The probability density function (pdf) can be estimated by
computing the difference of successive cdf values: f (x) = p(x + 1)− p(x), for x = 1, 2, . . . (with
the special exception that f (1) represents the probability of either waiting 1 minute in the queue
or no time at all).

Note that the number of servers (hence the three regression parameters a, b, d) do not enter
the picture.

The cdf’s for various clusters and or checkpoints can be combined by computing a weighted aver-
age, where the weights correspond to the number of arrivals: a cluster or checkpoint with a large
number of arrivals contributes more to the overall number. An Excel template which computes
both the exact value of the processing rates µ̂, and which combines the cdf’s along checkpoint,
airport and national lines, both quarterly and annually, has been provided.

B Improvements to the Original Regression Model

A number of modifications to the original regression model have been suggested to better reflect
the nature of the data under consideration and to help provide stable estimates.

B.1 Clusters Re-classification

The clusters have been re-classified to allow clusters which are only open during parts of the time
period (and for which the average number of servers may then be small) to be included in the
regression (see Section 5.2).

B.2 Weighted Regression

Another improvement has been to use weighted regression: we still fit a regression model of the
form

µ

c
= a+ b

λ

c
,

but we weigh the points according to the number of arrivals. The effect of this modification is
to increase the importance of clusters with a larger number of arrivals in the regression, and
consequently in the combined model. Graphically, this might lead to slopes that seem to “ignore”
a certain number of points in Figure 4; numerically, this would be justified as the contribution of
these clusters is minimal in the overall picture.

B.3 Outliers Removal

Another issue to consider is that we are seeking the “typical” cluster behaviour for a given quar-
ter and checkpoint. As such, there might be clusters which are, for whatever reason, atypical or
anomalous in that they have a much stronger influence on the regression results than would be
expected from a typical point: a cluster with a very small arrival rate per server (even if it repre-
sents a small number of arrivals) but a very large processing rate (for whatever reason) would be
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an example of such a point, tending to drag the slope of the regression line away from the “true”
slope of the regression model.

Standard methods to identify and remove these unduly influential observations (using the Maha-
lanobis distance) have been implemented in the SAS code.

B.4 Two-Year Period for Historical Data

In the best-case scenario, the number of clusters that appear in a regression is limited to twelve
(there are six 4-hour periods during the day, and two types of day: WeekDay and WeekEnd),
which is fairly low (especially considering that this is the best-case scenario). When the number
of observations is that small, the appearance of only one new observation in later years (perhaps
due to a checkpoint expanding its operating hours) can greatly modify the regression model, lead-
ing to wildly different predictions from year to year.

A possible solution is to increase the number of clusters appearing in the regressions, by eval-
uating data over a two-year period instead of a single year. As patterns may change beyond
recognition over even a small time interval, going back further than two years in time is not rec-
ommended. A SAS implementation of this procedure, allowing for different weights to be given
to either of the years, has been provided.

YEG (TB) − 2012, 2013

The modifications to the original regression model are illustrated using two years’ worth (2012,
2013) of Edmonton’s Transborder checkpoint data, for each of the quarters. Notice the increased
number of data points, together with the effect of the weights in Figure 7.

C Enhancements to the WTIM

After having had the chance to run the WTIM on real data, CATSA requested 4 enhancements in
2015:

1. Improved accuracy: Enhance CATSAs WTIM 1-year and 2-year versions to increase overall
accuracy of the forecast on an airport level, and on quarterly results.

2. Quarterly Rotation: Adjust WTIM to enable producing quarterly output and update on a
rotational basis based on the most recent 4 quarters (as opposed to the most recent calendar
year only).

3. Weighting methodology: Determine best possible weighting values for the 2-year WTIM.

4. Code refinement: Overall iterative refinement of current WTIM code in terms of:

• eliminating redundancies;

• streamlining input of new data;

• enhancing ability to obtain specific output;
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(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

(e) Departure regression

Figure 7: Regression of the cluster estimated service rates (per server) against the cluster arrival rates (per
server), per quarter. The departure regression (with 55 observations) is also shown.
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• flagging of compatibility or formatting issues with new data to enhance usability;

• eliminating the need for manual adjustments and changes throughout the code when
including more recent data, such as adjustment for years, fixed parameters, generation
of curves, etc.

These four objectives can be divided into two groups:

• objective 2 (quarterly rotation) and objective 4 (code refinement) only require modifications
to the code, whereas

• objective 1 (improved accuracy) and objective 3 (weighting methodology) will require ad-
ditional data exploration and the potential for more sophisticated modeling approaches.

The SAS code was modified and streamlined to meet the objectives of the first group. The process
also discovered a number of more efficient paths, allowing for the WTIM run-time to be decreased
by one order of magnitude, a significant reduction.

C.1 Improved Accuracy

Given that the original version of the WTIM works on a “one-size-fits-all” basis (in the sense that
the same clusters and the same regression framework is used for all the checkpoints, regardless of
their size and activity levels), there was some hope that a more flexible approach, taking into con-
sideration not only the average arrivals for a cluster and the maximum number of open servers
during each 15 minute period, but also the size and detailed short-term and long-term traffic
trends at each checkpoint would provide more accurate estimates.

To that effect, we considered various functional forms µ(c,λ) in (4), separately for each check-
point, season, and peak-time period. Whereas we were originally fitting

µ

c
= a+ b

λ

c
,

for parameters a, b, the enhanced model considers 9 potential functional forms, 7 of which end
up being linear in c:

µ

c
= a1 + β1

λ

c
+ ν1

p
λ

c
(17)

µ

c
= α2

λ

c2
+ β2

λ

c
+ ν2

p
λ

c
(18)

µ

c
= a3 + β3

λ

c
+ ν3

p
λ

c
+ γ3λ+η3

λ2

c
(19)

µ

c
= a4 + β4

λ

c
+η4

λ2

c
(20)

µ

c
= a5 + β5

λ

c
(21)

µ

c
= a6 + γ6λ (22)

µ

c
= β9

λ

c
+ ν9

p
λ

c
+ γ9λ+η9

λ2

c
, (23)
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the last 2 being quadratic in c:

µ

c
= a7 +α7

λ

c2
+ β7

λ

c
+ ν7

p
λ

c
+ γ7λ+η7

λ2

c
(24)

µ

c
= α8

λ

c2
+ β8

λ

c
+ ν8

p
λ

c
+ γ8λ+η8

λ2

c
. (25)

As before, the goal is to fit the functions to the data and ultimately solve

1− p =
λ

µ(c,λ,
p
λ,λ/c,λc,λ2)

e(λ−µ(c,λ,
p
λ,λ/c,λc,λ2))x (26)

for c, given a desired QoS level (p, x). In the original version of the WTIM, such solutions would
be estimated using approximations of the Lambert function W0; in the enhanced version, c is es-
timated directly, using proc iml functionality that only became available with the latest release
of SAS and Enterprise Guide.

These 9 functional forms were selected based on our prior experience with the data − other
functions could conceivable be used, subject to one requirement: the existence and uniqueness
of a solution c > 0 over a reasonable interval.

As it happens, the data does not stongly support these models, except for models (20) and (21),
although this could change with new data becoming available.

For each checkpoint and each season, the departure parameter d is computed for all admissi-
ble models. The best model is then selected according to some criterion. Some of the potential
criteria that have been considered include:

1. minimizing
�

�dmodcmod − cavg

�

�

2. minimizing |dmod − 1|

3. minimizing the regression mean square error (RMSE)

Initial tests suggest that the first criterion provides better estimates in the long run, although that
is also highly data-dependent and could change when more data becomes available.

C.2 Weighting Methodology

Lastly, there comes the matter of calculating the lagged weights, which depends on whether we
are using one year’s worth of data (1 season) or two years’ worth of data (5 seasons).

In the first case, no weight calculations are necessary. In the second case, we start by regres-
siing the processing rates µt against the lagged processing rates µt−L, L = 1, 2,3, 4:

µt = α+
4
∑

L=1

βLµt−L.

The weights are then given as relative strength of the Sum of Squares for each lagged processing
rate, as can be seen in the SAS file ‘Data Summary, Regressions, and Predictions - 2 Years’, lines
535-640.
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