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MAT 2125 — Elementary Real Analysis Notes

Theorem 1. (ARCHIMEDEAN PROPERTY) Let x € R. Then 3n, € N*
such that x < n,.
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Proof. Suppose that there is no such integer. Then x > n Vn € N.

Consequently, x is an upper bound of N*. But N* is a non-empty subset
of R. Since R is complete, o = sup N* exists.

By definition of the supremum (the smallest upper bound), o — 1 is not an
upper bound of N* (otherwise o would not be the smallest upper bound,
as a — 1 < a would be a smaller upper bound).

Since o — 1 is not an upper bound of N*, dm € N* such that « — 1 < m.
Using the properties of R, we must then have o < m + 1 € N*; that is, «
is not an upper bound of N*.

This contradicts the fact that o = supN*, and so, since N* # &, x cannot
be an upper bound of N*. Thus dn, € N* such that z < n,. |
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Theorem 2. (VARIANTS; ARCHIMEDEAN PROPERTY) Let x,y € RT.
Then Inqi,n9,n3 > 1 such that

1. < my;
2. 0< n% <y, and

3 n3—1<ax<n;.
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Proof.

1. Let z = % > (0. By the Archimedean property, dn; > 1 such that
z=§<n1. Then x < nqy.

2. If x
0<

1, then part 1 implies dny > 1 such that 0 < 1 < nsgy. Then
<.

Sl

3. Let L = {m € N* : z < m}. By the Archimedean property, L # &.
Indeed, there is at least one n > 1 such that x < n. By the well-ordering
principle, L has a smallest element, say m = n3. Then n3g—1¢& L
(otherwise, nz — 1 would be the least element of L, which it is not) and
song — 1<z <ns.

There are other variants, but these are the ones we'll use the most. |
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Theorem 4. (CAucHY’s INEQUALITY) If a1,...,a, and by,..., b, are
real numbers, then

(San) = (Xa) (L),

(The indices are understood to run from 1 to n in what follows.)
Furthermore, if b; # 0 for one of 1 < j < n, then equality holds if
and only if ds € R such that a; = sb; foralli=1,...,n.

Proof. For any t € R,

O<Zaz+tb Za +2tZazb +t22b2

The right-hand side of this inequality is a polynomial of degree 2 in t.
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It is always greater than or equal to 0: it has at most 1 real root, i.e. its

discriminant
(2 Z aibi) — 4 (Z a?) (Z bf) <0,
(Ce) = (L) (30%).

If all the b; are 0, the equality holds trivially, as both the left and right side
of the Cauchy inequality are 0.

and so

So suppose b; # 0 for at least one of the values j between 1 and n. We
have two statements to prove.
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If a; = sb; forall i =1,..., n and s € R is fixed then

(Can) = (Cst) = (0) = (%) (X#)
= (20s0) (o0) = (32at) (3202)-

On the other hand, if

(o) = () ()

then

4 (Z aibi)Q 4 (Z a§> (Z b?) — 0
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But the left-hand side of this expression is the discriminant of the following
polynomial of degree 2 in t:

D (ai+th)*> =) ai+2tY ab;i+1>) b},

Since the discriminant is 0, the polynomial has a unique root, say t = —s,
" Z(CL@ — sz)Q = 0.
Since (a; — sb;)* > 0 for all i = 1,...,n, then
(a; —sb;))>=0 foralli=1,...,n
a; —sb; =0 forallz=1,....n
aZ:sz forallizl,...,n. H
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Theorem 5. (TRIANGLE INEQUALITY) If a1,...,an,01,...,b, € R,

then
(Staenp) "< () "+ (S)

Furthermore, if b; # 0 for one of 1 < j < n, then equality holds if and only
if ds € R such that a; = sb; forallt =1,....n

Proof. As
Zwﬁ—b Za +22azb +Zb2
Cauchy Ineq. | < Z CL? + 2 (Z )1/2 (Z b2) 1/2 4 Z bz2

(£ +(£0))
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Taking the square root on both sides yields the desired result.

If all the b; are 0, the equality holds trivially, as both the left and right side
of the Triangle Inequality are (3" a?) t/2

So suppose b; # 0 for at least one of the values j between 1 and n. We
have two statements to prove.

If a; = sb; foralli=1,...,n and s € R is fixed then

<Z(ai " b")Q)m B (Z(sz’ + bi)2)1/2 - (Z(s + 1)2b§)1/2
~ (+02 ) = s (X8)
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and

1/2

(Z a?) 1/2 4 (Z bf) _ (Z Sgb?) 1/2 N (Z bf) 1/2

and so equality holds.
On the other hand, if

(Soe?) = () (£0)”

then

\V)

Sernr=((Sa)"+ (1))
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Developing both sides of this expression yields

Za?+2zaibi+zb?:Z“@2+2(Za§)m (Zb§>

or simply

1/2

+ > b

1/2 1/2
Z a;b; = (Z a?) (Z b?)
Elevating both sides to the second power yields

(Can) = () (X#2).

By Theorem 4, ds € R such that a; = sb; forall: =1,...,n. |
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Theorem 7. (DENSITY OF Q) Let z,y € R such that x < y. Then,

dr € Q such that x < r < y.

Proof. There are three distinct cases.

1. If x <0 <y, then select r = 0.

2. IfO§as<y,theny—:r;>Oandy%m>O.

By the Archimedean property, dn > 1 such that

1
y—x

n > > 0.

By that same property, 3m > 1 such that m — 1 < nz < m. Since

n(y —x) > 1, then ny — 1 > nx and nx > m — 1.
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By transitivity of <, ny —1 > m — 1, that is ny > m. But m > nx, so
ny >m >nx and y > 7 > x. Select r = .

3. fz <y <0, theny—x > 0 and y_% > (. By the Archimedean property,

dn > 1 such that )

y—x
Note that —nx > 0. By yet another variant of that property (that we

haven't explicitly stated in class, but it's not too much work to show it),
dn >0suchthat m< —nzr<m-+lor-m-—1<nzx<-—m.

n > > 0.

Since n(y —xz) > 1, then ny — 1 > nx and nx > —m — 1.

By transitivity of <, ny—1 > —m—1, that is ny > —m. But —m > nx,

m

sony > —m >nxand y > -7 > x. Select r = —7. |
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Theorem 14. (OPERATIONS ON SEQUENCES AND LiMmiTs) Let

(xn), (yn) be convergent sequences, with x, — x and vy, — y. Let
c € R. Then

1. |zn| — |

2. (xn +yn) — (x+y),

3. xpYn — Ty and cxr, — cx;

4. Z—Z%% if yn,y = 0 for all n.

Proof. We show each part using the definition of the limit of a sequence.
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1. Let ¢ > 0. As x,, — x, AN/ such that |z,, — x| < € whenever n > N_.
But ||x,| — ||| < |z, — x|, according to theorem 6. Hence, for ¢ > 0,

dN,. = N/ such that
|zn] = |2]] < |zn — 2| <e
whenever n > Ng, i.e. |z,| — |z|.

2. Let e > 0. Then £ > 0. As x,, = 2 and y, — ¥, EIN%’,N%’ such that

E g
[2n —xl <5 and yn -yl <3 (1)

whenever n > Ng and n > N/? respectively. Set N, = max {N%x, Ng}
2 2
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Then, whenever n > N. (so whenever n is strictly larger than N;F/Q and

Ng/z at the same time),

IA

(@ +yn) = (2 +y)| = |(2n —2) + (Yo —y)| 20 — 2| + [yn =yl

E E
by (1) < §—|‘§:€,

e. (Tn+yn) — (T +y).

3. According to theorem 13, (x,) and (y,) are bounded since they are
convergent sequences. Then M, M, € N such that

zn| < M, and  |y,| < M,

for all n.
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€ € x Yy
Let € > 0. Then 3Ny 3N, 0. Asx, — x and y,, — v, 3N2&y,N2]\% e
N such that

°_ and | | < -
n n -
oM, In IS 9,

(2)

|z, — x| <

whenever n > N?. and n > NY. respectively. Moreover, |y| < M,

(otherwise |y|_2My > 0. Then, for ¢ = ly';My, we get

|yn_y’ > ||y|— !ynll > \yI—My:25>8

for all n € N, which contradicts the definition of y,, — y).
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Set N, = max {N% NV,

oMz  2My

}. Then, whenever n > NN,

TnYn — Y| = |TnYn — Tuy + Ty — xY| T (Yn — ) + y(Tn — T)|

< |xullyn — yl + |yl|zn — x|
< Mylyn —y| + My|z, — 2|
e e
by | < M,—+ M
YoM, YoM,
= €+6—5
2 2 7

l.e. T,y — TY.

Furthermore, if the sequence (y,,) is given by y,, = c¢ for all n, then the
preceding result yields cx,, — cx, since y,, = ¢ — ¢ (You should show this).
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4. It is enough to show yin — i under the hypotheses above; then the result
will hold by part 3.

Since y # 0, 'S~ 0. Hence, as Y — vy, dNy, /2 € N such that
2 yl/

lyn —y| < % whenever n > N,. According to theorem 6,

2

Y
Yyl — ynl <y —yn| < % and so

Y| 1 2

— < |yn| or <
2 lunl |yl

(3)

whenever n > N, /2 (these expressions make sense as neither y,, nor y
is O for all n).
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Let ¢ > 0. Then |y|?S > 0. As y,, = y, AN, 2c € N such that
2 Y| 2

E
9 — 9l < Iy (4)

whenever n > N|y|2%. Set N, = max{Ny N|y|25}. Then, whenever
gl

n > Ng,
i_l‘:|y_yn _ |y_yn|
Yn Y YnyY Yny|
2y — n
Lo < ly 2y |
Y|
2 e 1 1
by (4) | < ylP= =, Qe — ==, u
N 2 Yn Y
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Theorem 56. (COMPOSITION THEOREM FOR INTEGRALS)

Let I = |a,b] and J = |a, 5], f : I — R Riemann-integrable on I,
¢ : J — R continuous on J and f(I) C J. Then oo f : I — R is
Riemann-integrable on 1.

Proof. Let ¢ > 0, K = sup{|p(z)| | * € J} (guaranteed to exist by the

Max/Min theorem) and &' = ;—S-+.

Since ¢ is uniformly continuous on J (being continuous on a closed,
bounded interval), 35, > 0 s.t.

‘CE o y|5<€7 x,Y, € J = ‘SO(:L) — Sﬁ(y)| < 5/.

Without loss of generality, pick . < &’
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Since f is Riemann-integrable on I, 4P = {xg,...,x,} a partition of
I =|a,b] s.t.
U(P; f) = L(P; f) < 62

(according to Riemann'’s criterion).

We show that U(P;po f) — L(P;po f) < e, and so that po f is
Riemann-integrable according ti Riemann’s criterion.

Over [x;_1,x;| fori=1,...,n, set
m; = inf{f(x)}, M; = sup{f(x)}, m; = inf{p(f(x))}, M; = sup{p(f(2))}.

With those, set A = {i | M; —m; <.}, B={i| M; —m; > J.}.
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o If i € A, then

T,y € |[Ti—,x] = [f(z) = f(y)] < M;—m; <0,

~

so |p(f(x))—e(f(y)| < &' Va,y € [x;_1,x;]. In particular, M;—m,; <€’

o If 2 € B, then

2,y € i1, ] = [o(f(2)=e(f ()] < le(f(@)|+le(f(y))] < 2K.

In particular, M; —m; < 2K, since —K < m; < p(z) < M; < K for all
z € [xi1,xi].
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Then

UP;pof)—L(P;po f)= Z(Mz — ) (25 — @i1)
1=1
i€cA icB
SS/Z( $11—|—2KZ —gjzl
€A i€B
e'(b—a) —I—QKZ (M: — 5 mz)(xi—xi_l)
i€B €
2K
e'(b—a)+ 5 ;(Mz —m;)(T; — Ti-1).
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By earlier work in the proof, we have

n

> (M; —mg) (s — 1) SU(P; f) = L(P; f) < 62,
i=1
so that
U(P:po f)— L(Pigpo ) <(b—a) + 55

=¢c'(b—a)+2K6. <e'(b—a)+2K¢'
e'(b—a+2K) =c¢,

which completes the proof. |
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