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27. Give an example of a convergent (resp. divergent) sequence (z,) of
positive real numbers with AL
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Proof. The sequences (z,) = + and (z,,) = (n) do the trick. You
should fill in the details or ask for hints if you're not sure how to show

this — there are other solutions. |
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28. Let 1 =1, xpy1 = V2 + x,, for n € N. Show that (z,,) converges and
find the limit.
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Proof. We show (x,) is increasing and bounded by induction; by a
theorem seen in class, (x,) converges.

A quick computation shows x5 = /3.

Initial case: Clearly, 1 < 7 < x5 < 2.

Induction hypothesis: Suppose 1 < xp < xr11 < 2. Then
3<ap+2< w1 +2<4

and so

1 <V3 <V +2< /o +2< VA =2,

le. 1 < Lk+1 < Lk4+2 = 2.
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Hence (z,,) is increasing and bounded above by 2; as such z,, — x for
some = € R. exists.

But

r= lim z, = lim 2,4+ = lim V242, =,/24+ lim z, = V2 + x,
n— oo

n—oo n—oo n—oo

that is, 2 = 2+ 2. The only solutionsarez =2 or x = —1, but x = —1
must be rejected since 1 < z,, for all n.

Thus, z,, — 2. |
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n

1
29. Let z,, = 2 for all n € N,
k=1

Show that (x,,) is increasing and bounded above.
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Proof. As W > ( for all n € N, we have

PRI e SR e o
Furthermore, for any k£ > 2 € N, we have é < ﬁ — % Then

11 1
Tn=st gt

<1+11+11++11
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1
=14+14+0+ - +0—>=<2
n

for all n € N. Hence (x,,) is increasing and bounded above by 2. H
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30. Show that ¢!/®» - 1if0<c< 1.
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Proof. Let x, = ¢/™ for all n € N.

Since 2,41 = /"t > cl/m = 2 for all n € N (as ¢ < 1), then (z,)
is increasing. Furthermore, 0 < c¢!/? < 1/7 =1 for all n € N, so (z,,)
is bounded above.

Hence (x,,) converges, and z,, — x, for some = € R. As all subsequences
of a convergent sequence converge to the same limit as the convergent
sequence, To, = /2™ — . As such,

z= lim ¢/?" = lim Vc/7 = lim z, = ./ lim z, = Vx,

n—oo n—oo n—oo n—oo

and so either x = 0 or x = 1. But as x,, increases to 1, there comes a
point after which all x,, are “far” from 0O (you should mathematicize this
statement...), so x, — 1. |
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