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35. Show directly that a bounded increasing sequence is Cauchy.
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Proof. Let ¢ > 0.

By completeness of R, z* = sup{x, | n € N} exists as {x,, | n € N} is
bounded and non-empty.

In particular, 3Me € N such that

€
- = <ap. < ¥

2 2

But «* > z,, > xps. whenever n > M%.
3
Let N, = M%. Then
* * * " € €

T, — | = T — 2" + 2" —xp| < |27 — x| + |27 — x4 <§—|—§:€
whenever m,n > N.. |
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36. If 0 < r <1 and |xpe1 — x| < 7™ for all n € N, show that (x,) is
Cauchy.
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Proof. Let ¢ > 0.
By the Archimedean property, AN, > log,. (¢(1 — 7)) +1, i.e. rVe71 < ¢,
Then

Lm — xn| S |xm - ajm—l‘ + ’xn—l—l _ CCn|

m—1 n
< .« o e < <
4 * tr 1—r 1—r

< €

whenever m > n > N..

(The third last inequality holds since ¥~ 1 + ... + 7™ is a geometric
progression. ) H
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37. If x1 < x9 and z,, = %(a:n_l + x,_2) for all n € N, show that (z,) is

convergent and compute its limit.
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Proof. We start by showing that (z,) is a Cauchy sequence. let

L = Lo — I1. Then
L

2n—2

’-an - 37n—1| S
by induction (show this!).

Let £ > 0. By the Archimedean Property, 3N, € N such that 2]\,% < E.
Then

‘xm - xnl S ‘xm - xm—l‘ + |xn—|—1 _ xnl

L L L L

< om—2 - on—1 = 9n—2 < 9Ne—2 <€

whenever m > n > N.. Hence (x,) is a Cauchy sequence, and so it
converges.
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Let z,, — x. We can show, by induction (do this!), that

L L L
932n+1=331+§+?+-~+22n_1
for all n € N. In particular,
: . L L L
o= e = ot lim (G g5t g
L . 1 1
=w1+§nh_>ngo I+t t5m

2 n—oo 3

L (12 2 1
=21+ — lim (1_(1/22)) —$1+—L—§($1—|—2CIZ2).

For instance, when 1 =1 and 25 = 2, x,, — 5/3. |
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