MAT 2125
Elementary Real Analysis

Exercises — Solutions — Q54-Q60

Winter 2021

P. Boily (uOttawa)



MAT 2125 — Elementary Real Analysis Exercises — Solutions — Q54-Q60

54. Let K > 0 and let f : R — R satisfy the condition

f(z) = f(y)] < K|z —y

for all x,y € R. Show that f is continuous on R.
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Proof. Let c€ R and € > 0. Set 0. = +=. Then

E

K _°

f(x) = fle)| L K|z —c¢| < Kb < K

whenever |z — ¢| < é..
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55. Let f:(0,1) — R be bounded and s.t. lim f(x) does not exist.

r—0

Show that there are two convergent sequences (x,), (y,) C (0,1) with
Zn,Yn = 0 and f(zn) = &, f(yn) = ¢ but £ # C.
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Proof. For n € N, let I,, = (0,1/n) and set

sn =sup f(I,) and t, =inf f(I,).

These are well defined as f([,) is bounded. By construction, (s;) is
decreasing and (t,,) is increasing. Since

$1 2 Sp = Sup f(In) > inff(ln) =1, = t1,

(sn) is bounded below by t; and (¢,) is bounded above by s;. Hence
sp, — s and t,, — t exist, by the Monotone Convergence theorem.

For n € N, let x,,,y,, € I,, be s.t.

1 1

|f(zn) — sn| < - and |f(yn) —tn] < -
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This can always be done as s, —% and ¢, +% are not the supremum and
the infimum, respectively, of f(I,).

Then, z,,, ¥, — 0 and x,,y, # 0 for all n € N. Furthermore, f(z,) — s
and f(y,) — t, by the Squeeze Theorem; indeed, s, — % < flzy) < sp,
tn < flyn) < tn+ % S, — S, and t,, — t, and the statement follows.

Now, suppose that s =t =/. Then s,,,t, — ¢. Lete > 0. dN;, Ny € N
s.t. |s,, — £| < € whenever n > Nj and |t,, — {| < € whenever n > N&.

Set Ng = maX{Nl, NQ} Then
l—e<t,<s,</l—c¢
whenever n > N.. Set 0. = N% Then

{—e <ty =inf f(IN.) < f(z) <sup f(In.) < sn. <l+e,
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i.e. |f(z) —¢| < e whenever 0 < |z —0| < i~ = d.. Hence lin% f(x)=2¢,
€ r—
which contradicts the hypothesis that the limit does not exist.

As a result, s # t, which completes the proof. ||
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56. Let f: R — R be continuous on R and let P = {z € R: f(x) > 0}. If
c € P, show that there exists a neighbourhood Vs(c) C P.
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Proof. Let c € P. Then f(c) > 0 and Jgg > 0 s.t. f(c) —e9 > 0.
By continuity of f, 30, s.t. |f(x) — f(c)| < g0 whenever |x — ¢| < d,.

Thus, 0 < f(c) —eo < f(z) forall z € Vi_ ,ie. V5, C P. u
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57. Prove that if an additive function is continuous at some point ¢ € R, it
is continuous on R.
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Proof. In the light of a previous question on the topic, it is sufficient to
show that if lim f(z) = f(c) for some ¢ € R, then lim f(x) = 0.
r—cC

x—0

Let f be continuous at c. Then

fle) = lim f(z) = lim (f(z —¢) + f(c))

r—cC Ir—cC
= lim f(z —c) + lim f(c) = lim f(y) + f(c),
hence lim f(y) = 0, which completes the proof. H

y—0
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58. If f is a continuous additive function on R, show that f(x) = cz for all
r € R, where ¢ = f(1).
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Proof. Let n € N. Then

Set c = f(1). Let y € Q. Then y = ™, where m € Z and n € N*, and

m

fly)=1r (—) =mf (%) = m%f(l) = ye.

n

Let x € R. Since z is a limit point of Q, (x,) C Q s.t. x, — =,
with =, # x for all n € N. But f(x,) — f(z), by continuity, so
f(xz,) = cx, — cx, by the above discussion. Hence, f(z) = cx. H
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59. Let I = |a,b] and f : I — R be a continuous function on I s.t. Vx € I,
Jy € I s.t. |f(y)] < 3|f(z)]. Show Jc € I s.t. f(c) =0.
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Proof. Let x1 € I. By hypothesis, dxs € I s.t.

1
| f(z2)] < §|f(371)\-

Since 9 € I, dx3 € I s.t.

e < 5lf ) < 5 (31601 = sl

and so on. The sequence (x,,) C I thusly built satistfies

0< |f@n)] < gl Fa),

by induction (can you show this?).
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Then lim |f(z,)| =0, by the Squeeze Theorem, and so f(z,) — O.

n—oo

As (z,) is bounded, it has a convergent subsequence (z,,) (by the
Bolzano-Weierstrass Theorem) whose limit c is in I (because a < x,, < b
for all n).

Since (f(xn,)) is a subsequence of (f(z,)), then

lim f(xn,)=0.

k— oo

However,
i f(on) = F (Jim 2, ) = £(0)
as f is continuous. Hence f(c) = 0. H
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60. Show that every polynomial with odd degree has at least one real root.
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Proof. Let

2 1 2
f(z) = agni12”" ™ + ag, ™ + - + a1z + ay,

where a; € R for ¢ = 0,...,2n + 1. Assume that ag, # 0 (if that is
not the case, the proof will proceed in a similar fashion, but as,, will
be replaced by the first a; that is non-zero, starting with as,_1; if all
coefficients are 0, then the real root is 0).

Let

agn|  (lagn_kl\ "
M = max (2n—|—1)|a2 +1’,( az] ) k=1,...,2n
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Then, whenever |z| > M,

2n

® (don||T

° agn,:th
® ;

° a2n,1p2n
° a2n’132n
and so

AVARRVZ

AVARRVZ

QnT
2n—1r

aon ||
CL2n—1||CB

a1||x|, and
ao

azn@® + -+~ ao| < lazallz™] + -+ +lao| < lazallz™] + -+ + |aza|l2™"]

= (2n + 1)]aza||2*"] < |aznia ||z = Jagpy12”" .

Then f(M+1)f(—M —1) <0. As f is continuous on [—M —1, M +1],
dee [-M — 1, M + 1] s.t. f(¢) =0, by the IVT. u
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