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69. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b).
Show that if lim f'(x) = A, then f/(a) exists and equals A.

TrT—a
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Proof. Let x € (a,b). By the Mean Value Theorem, dc, € (a, ) s.t.

flz) — f(a)

r— a

= f'(cx).

When © — a, ¢, — a (indeed, let ¢ > 0 and set §. = &; then
e —al < |r —al < 0. =& whenever 0 < |x — a| < d.). Then

lim f'(c,) = lim f'(c,) = A

r—ra Cx—ra

by hypothesis. Hence lim f'(x) exists and so

oy e J@) = fla)
f'(a) = lim D222 — i f(a) = A
exists. H
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70. If x > 0, show1+%w—%x2§\/1+a;§1+%a:.
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Proof. Let 9 = 0 and f(x) = v1+4+x. According to Taylor's
theorem, since f is C® when =z > 0, f(x) = Pi(z) + Ri(x) and
f(z) = Pa(z) + Ra(z), where

Pi(w) = f(@0) + f (zo)(w = z0) = VIF0 + sz =14+ 50

Py(x) = Pi(x) + f”(;lo)(x —x0)? =1+ %az — 8\3/%:62 =1+ %x — %:132
Ri(z) = fllécl)(az —19)? = _83/11qu2’ for some ¢; € [0, z]

Ro(x) = fmé@)(:v —xp)° = 48\5/1702:[;3’ for some ¢y € [0, x].

When x > 0, Ri(z) <0 and Ra(x) > 0,50 Po(x) < f(x) < Pi(z). N
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71. Show directly that the function defined by h(x) = z* is Riemann-

integrable over [a,b], b > a > 0. Furthermore show that f; h = #
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Proof. let P, = {:ci:a—kb_T"’-Hi:O,...,n} be a partition of
la,b]. Set m; = inf{h(x) |z € [x;_1, 2]}, fori=1,...,n.

With this notation, we have

L(Py;h) = Zmz — Xi_1) b;azn:mi.
i=1

But h/(z) = 2z > 0 when = > 0, and so h is increasing on |[a, b].

Consequently, for 2 = 1,...,n, we have

m; =x; | = (a + b= a(i — 1)) = a2+2a(b —9) (i—1)+w(i—1)z.

n n n
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The lower sum of h associated to P,, is thus

L(P,;h) = b ; - i (a2 n za(bn— a) (i—1) + (b ;20,)2(7: B 1)2>
_ naQ(b —a) n 2a(b — a)2 i(z 4 (b — a)3 zn:(z } 1)2
_ CL2(b— CL) 1 2&(() — a,)2 | n(n — 1) n (b _ CL)3 | n(n . 1)(2n B 1)

n2 2 n3 6

=a*(b—a) +a(b—a)? (1—%) +(b_6a)3 (1—%) (2—%).
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But for the lower sum of h on [a, b], we have

L(h) = sup{L(P;h) [ P € P(la,b])} = sup{L(Pn; )}

neN

= sup {a*(b —a) +a(b —a)? (1) + O35 (1-3) (2~ 1)

= lim [a2(b @)+l —a)? (1= 1) + L5 (1) (2 )]
(b—a)3.2:b3—a3
6 3

=a*(b—a)+ab—a)® +

Similarly, we can show that U(h) < b3_a3, from which we derive

3
ool < (k) <Uh) <% andso L(h) =U(h) = [(h="5% ®
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72. Prove that fol g=1if

1 ze(3,1]

S 0,1

Is that still true if g(3) = 7 instead?
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Proof. Let £ > 0 and define the associated partition

1 1
P, = 0,5 —¢,2 , 1y
{ ;S5 te }

Since g is bounded on [0, 1], L(g) < U(g) exist and

1 1
L{g) =z L(Pe9) =5 —¢ and Ulg) < U(Psig) =5 +e.

Hence | 1
5—5§L<9)§U( )<2+5 for all € > 0.

Since & > 0 is arbitrary, then 5 < L(g ) U( ) < % by deflmtlon g is
Riemann integrable on [0, 1] and L(g) f
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If instead ¢g(1/2) = 7, the exact same work as above yields

1 1

5—5§L(g) <U(g) < §+135, for all € > 0.
Since € > 0 is arbitrary, then % < L(g) <U(g) < %; by definition, g is
also Riemann integrable on [0,1] and L(g) = U(g) = f;f =1 H
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