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73. Let f: [a,b] — R be bounded and s.t. f(x) > 0 for all = € [a, b].

Show L(f) > 0.
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Proof. As f is bounded on [a,b]|, L(f) exists and the set

{f(z): 2 €lab]} # 2
is bounded below.
By completeness of R, m; = inf{f(z) : x € |a, b]} exists.

Furthermore, my > 0 since f(x) > 0 for all x € [a, b].

Let P = {xp,x1} = {a,b} be the trivial partition of |a, b].

Then L(f) > L(P; f) =mi(b—a) > 0. H
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74. Let f : [a,b] — R be increasing on |a,b]. If P, partitions |a,b] into n
equal parts, show that

— f(a)

n

OSU(Pn;f)—/bef(b) (b a)
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Proof. As f is increasing, it is monotone and thus Riemann integrable
by a result seen in class (Theorem 53).

Then L(f) = U(f) = [, f.

Let
{r;=a+i=2:i=0,...,n}

P, =
be the partition of [a, b] into n equal sub-intervals.

By definition, L(P,; f) < f;f and U(P,; f) > f;f. Then

U(Pn;f)—L(Pn;f)ZU(Pn;f)—/abfZ/abf—/abfZO-

In particular, U(Py; f) — f;f > 0. As f is increasing on |[a, b],
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U(Pnaf) _L(Pn§f) — Z(Mz mz)(wz wz—l)
b— a — b—a
= —— > (f(@i) = f(zi1) = ——(F(b) ~ f(a))

Since L(Py; f) < f:f, then

b—a

n

b
(f(b)_f<a)):U<Pn§f)_L<Pn§f)ZU(Pn3f)_/ fZO |
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75. Let f: |a,b] — R be an integrable function and let € > 0.

If P, is the partition whose existence is asserted by the Riemann Criterion,
show that U(P; f) — L(P; f) < ¢ for all refinement P of P..

P. Boily (uOttawa) 6



MAT 2125 — Elementary Real Analysis Exercises — Solutions — Q73-Q75

Proof. Let P be a refinement of P..

Then U(P~.5) > U(P; f) and L(P.; f) < L(P; f), and so

U(Pz; f) > U(P; f) > L(P; f) > L(P; f).

By the Riemann Criterion, U(Px; f) < & + L(P; f). Then
e+ L(P;f) > e+ L(Ps; f) > U(Pe; f) > U(P; f),

i.e. e+ L(P; f) > U(P; f), which completes the proof. H
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