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76. Let a > 0 and J = [—a,al]. Let f: J — R be bounded and let P* be
the set of all partitions P of J that contain 0 and are symmetric.

Show L(f) = sup{L(P; f): P € P*}.
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Proof. Let o = sup{L(P; f) : P € P*}. By definition,
a < L(f) =sup{L(P; f) : P is a partition of [—a,a]}.

Let ¢ > 0 and P. = {zg,21,...,2,} be a partition of [—a,a] s.t.
L(f) —e < L(P-; f) < L(f). Such a partition exists as L(f) — ¢ is not
the supremum of the aforementioned set.

Consider the set
{0, +xq,...,+x,}.

Eliminate all the repetitions from this set and re-order its elements in an
increasing order. Denote the new set by Q).

Then (). is a refinement of P. and Q. € P*; furthermore, a > L(Q.; f).
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In particular,

as € > 0 is arbitrary, L(f) = «a. H
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77. Let J be as in the previous question and let f be integrable on J. If f
is even (i.e. f(—x) = f(x) for all x), show that

_C;f:Q/Oaf.

If fisodd (i.e. f(—xz) = —f(x) for all z), show that

f=0.
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Proof. As f is integrable over |[—a,al, a result seen in class (Theorem
56) implies that f is integrable over [0, a].

If f is even, let P € P*. Then there is a partition P of [0,a] s.t.
L(P; f) =2L(P; f) and vice-versa.

Indeed, let

P={x_pn,...,2_1,20,%1, -+, Tn},
where zg =0and z_;, = —x; forall e =1,...,n.
Then P € P*.

Let m; = inf{f(x): 2z € [x;_1, 2]}, fori=—mn—1,...,0,...,n.

Since fiseven, m;=m_;41 fori=—-—n—1,...,0,...,n.
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Then
0 n
L(P7 f) — Z mz(xz - xz—l) + Zmz(xz xz—l)
1=—n—1 1=1
=2 my(x; — m-1) = L(P; f),
=1

where P is a partition of [0,a]. This, combined with the previous
exercise, yields

’ f=sup{L(P; f): P e P*} =sup{2L(P; f) : P is a partition of [0,a]}

—a

= 2sup{L(P; f) : P is a partition of [0,a]} = 2/ f.
0
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If f is odd, consider the function A : R — R given by

1 if © >
h(z) = Te=0
—1 fx<0

The product fh is an even function, so

Q/Oaf:2/Oahf:/_C;hf:/_Oahf+/oahf:/_0a_f+/oaf,

and so foaf:ff)a—f:—ff)af. Then
[l = foef -0
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78. Give an example of a function f : [0,1] — R that is not integrable on
0, 1], but s.t. |f]| is integrable on [0, 1].
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Proof. Here is one example: f :[0,1] — R, defined by f(x) = —1 if
rZQand f(z)=1ifx € Q.

The proof that f is not Riemann integrable is similar to the one done in
class.

How would you prove that |f| = 1 is Riemann integrable? (Hint:
what do U(P; f) and L(P; f) look like?)
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79. Let f : |a,b] — R be integrable on |a, b]. Show |f| is integrable on [a, b]
directly (without using a result seen in class).
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Proof. Let ¢ > 0.

By the Riemann Criterion, there exists a partition P. = {xq,...,x,} of
la,b] st. U(Ps; f) — L(P:; f) < e.

Foralli=1,...,n, let
M; =sup{f(x):x € [x;_1,z;]} and m; =inf{f(x):z € |r;_1,x;]}.
For all 2 =1,...,n, then,

|f(z) — f(y)| < M;—m; on |z;_1,24.

As || f(z)| = [FWII < [f(z) = f(W)] < M; —m; forall z,y € [z;—1, 2],
we have

~

M; —m; < M; —m,
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where
M; = sup{|f(2)|: z € [xi_1, 2]} and h; = inf{|f(z)]: z € [wi_1, x;]}

forall2 =1,...,n. Then

n

U(Pei 1) = LPs ) = D (M= i) (s = i)
<> (M —my) (= wi0) = U(Ps | f]) — L(Ps 1)) <&

By the Riemann Criterion, this shows that |f| is integrable on [a,0]. W
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