MAT 2125 — Final Exam

You must provide complete, clear and precise solutions to the questions to score full marks. The
value of each question is indicated at the start of the question.

1. True or False: determine the veracity of the following statements. If false, provide a
counterexample. [1 mark each]

ii.

iii.

iv.

vi.

vili.

viii.

iX.

xi.

Xii.

xiii.

xiv.

n
If 51,55,...,5, are countable sets, then S = U S, is countable as well.
i=1
Answer: True
A sequence is bounded if and only if all subsequences are bounded.
Answer: True

If hm T, and hm Yn are real numbers, then lim In exists as well.
n—oo yn

Answer. False z, =1, y, =0y

If lim x, and lim y, are real numbers, then lim z,y, exists as well.
n—oo n—oo n—oo

Answer: True
If (z,,) is unbounded, then (ﬁ) is bounded.

Answer: False; x9, = 2", 29,1 = 27" for n € N.
o0
If 51,55, ... are compact sets, then S = U S, is compact as well.
n=1
Answer: False; S,, = [-n,n] is compact in R for all n € N, but S = R is not compact.
A function defined on an unbounded set cannot be uniformly continuous.
Answer: False; f: R — R, f =0 is uniformly continuous.

If f is differentiable at ¢, then f is continuous at c.
Answer: True

If AisopeninRand f: A - R is continuous, then f(A) = {f(a)|a € A} is open in R.
Answer: False; A =R, f(z) =

If (an)n, (bn)n satisfy |a,| < |by]| for all n € N and Z b, converges, then Z a, converges.
n=1

Answer: False; a,, = %, b, = (—1)"ay,.

Every bounded function f : [a,b] — R is Riemann-integrable.

Answer: False; f(z) = xo(x).

If (fn) is a sequence of Riemann-integrable functions on [a, b] and f,, converges uniformly

to f on [a,b], then f is Riemann-integrable on [a, b].

Answer: True.

If f,, converges uniformly to f on [a,a + 1] for all a € Z, then f,, converges uniformly to
fonR.

Answer: False; (z + )% = 2% on [a,a + 1] for all a € Z, but (z + # 2% on R.
an .m0

)’
Let f : R — R be infinitely differentiable, and define a, = f(™(0). If Yo 4
converges uniformly to a function g on an interval [-C,C], then f(x) = g(z) for all
e (—C,0).
Answer: False; f(z) = e+ for x #0, f(0) =



xv. Let f, : [0,1] = R, n € N be a sequence of continuous functions that converges uniformly
to f on [0,1]. Then f is uniformly continuous on [0, 1].
Answer: True

2. Examples: For each set of conditions, provide an example satisfying the conditions. It
should be easy to see by inspection that the examples are correct. [1 mark each]

i. A set A C R that has a finite supremum but not a maximum.
Answer: A= (0,1).

ii. A sequence that has no convergent subsequence.
Answer: x, = 2".

iii. A function f: (0,1) — R that is continuous but not uniformly continuous.
Answer: f(z) ="'

iv. A sequence of functions f, : (0,1) — R that converge to some function f, but not
uniformly.
Answer: f,(z)=2", f=0.

v. A point y € [0,1] and a function f : [0,1] — R so that F(z) = [ f exists for all 2 € [0, 1],
but with at least one y € [0, 1] such that F'(y) # f(y).
Answer: f(r) = x(0.5,1)(z), y = 0.5.

3. Short Proofs: provide a proof for 3 of the following statements. [3 marks each]

i. Using only the field axioms, the order axioms, and/or the Archimedean Property, show
that if u,z,y are real numbers such that © > 0 and z < y, there exists r € Q such that
x <ru<y.

Proof: Note that y > 2 = y—2 >0 = —— > 0. By the Archimedean

y—z
Property, In, m € N* such that

n > >0 and m-—1<nx<m.

y—zx
Since n(y — z) > 1, then
ny—nxr>1 = ny—1>nz.
By transitivity of the order,
ny—1>nr>m—-—1 = ny >m.

But m > nx, so since n > 0, then y > > . Select r = *. |

ii. Let (ay) be asequence. If lim as, = lim as,+1 = lim as,4+2 = L, show that lim a, = L.
n—o0 n—o0 n—oo n—o0

Proof: Let € > 0. Then 9Ny, N1, No € N such that
n>Ny = lasn, —L| <e, n>N; = |agp+1—L|<e, n>Ny = lagny2 — L] <e¢
Set K. = 3max{Ny, N1, Na} + 2. Then

k>K. = |ax— L| <e,

which is to say that a; — L. |



iii.

iv.

vi.

Suppose the sequence (x,) in R? converges to x. Show that, for any norm || - ||, the
sequence (||x,||) converges to ||x||.

Proof: Let || - | be a norm on R? and let ¢ > 0. Since x,, — x, IN. € N such
that
n>N, =[x, —x|| <e.
But for any norm we have |||x,| — [|x||| < ||x» — x|, so
n>Ne = |[[[xn]l = [I%[l] < [lxn — x| <,
which is to say ||x,| — ||x]|. [

Let f,g : [0,00) — R be differentiable functions such that ¢'(z) > f’(z) for all z > 0.
Give a condition on g(0) and f(0) (with proof) that will guarantee that g(x) > f(z) for
all z > 0.

Proof: Consider the function h : [0,00) — R defined by
h(z) = g(x) — f(x), for all z € [0, 00).
As f and g are both differentiable on [0, 00), so is h, and
B (z) =g (z) — f'(x) >0, forall z € [0,0).

Thus h is increasing on [0, 00), so that h(z) > h(0) for all = € [0, c0).

If furthermore h(z) > 0 for all z € [0,00), then g(z) — f(z) > 0 = g(z) > f(x)
for all z € [0,00). It is thus sufficient to have h(0) > 0, which is to say, g(0) > f(0). W

. If (fn) is a sequence of continuous functions on A such that f,, converges uniformly to R

is continuous.

Proof: Let ¢ > 0. By definition, 3H./3 € N such that n > H.j3andz € A =

|fu(z) — f(z)] < §. Let ¢ € A. According to the Triangle Inequality,

n>Hes = [f(z) = f(O < [f(@) = fr_ (@) + | fa )y (2) = fr ()] + [fr 5 (¢) = fo)]
< % + |fHE/3(x) - fHE/;g(C)’ + %

But fu,,, is continuous at ¢, so 30./3 > 0 such that |fn_,(x) — fu,_,,(c)| < § whenz € A

and |z — ¢| < 6.3. Thus [f(z) — f(c)| < € whenever z € A and |z — c| < d./3, so f is
continuous at c. As ¢ € A is arbitrary, f is continuous on A. |

Let f : R — R be such that f is differentiable at least 15 times on R. Assume further
that there exist 20 distinct points x1 < x93 < -+ < 19 < xgo with f(z;) =1, 1 < < 20.
Show that there exists some point z so that the tenth derivative of f satisfies (19 () = 0.

Proof: Since f is at least 15 times differentiable on R, then f, f/, f”,..., f(* are con-
tinuous on R. By the Mean Value Theorem, for all 1 < ¢ < 19, 3z} € (x;, z;41) such

that
_ f(wi1) — f(iﬂi)
Tiyl — T4

=0.



For every 1 < i < 19, f’ is continuous on [z}, ], differentiable on (z},x},,), and
f'(xj) = f'(xj,); consequently, 3z € (7,2, ,) such that f”(zj) = 0, according to
Rolle’s Theorem.

For every 1 < i < 18, f” is continuous on [z}, ], differentiable on (7,2} ), and
() = f"(«}); consequently, 3z}" € (x,z} ;) such that f"”(z}") = 0, according to
Rolle’s Theorem.

Continuing on this way, we see that for every 1 <4 < 11, f(¥ is continuous on [x

differentiable on (xgg),mz(g_)l), and f(g)(xgg)) = 1:1(3)1; consequently, Elxglo) € (:Ugg),xl(i)l)
such that f(19) (3:210)) = 0, according to Rolle’s Theorem. Set z = azglo). This completes

the proof. [

1(9)7 xg?i-)lh

4. Computations and Applications: answer 3 of the following questions. [3 marks each]

i.

ii.

Let f:[—1,1] — R be defined by

ztsin (&), =z
f(:c)z{os ) xig

Show f is differentiable on [—1,1] and find f’. Is f’ continuous on [—1,1]?

Proof: If x # 0, then f(x) is differentiable, being the product of two differentiable
functions, and
f(x) = 423 sin (;14) — 4x cos (:714)
If z = 0, then f/(0) = 0. Indeed, Ve > 0, set 6. = £'/3. Then for z € -1, 1],
40 (1
x* sin (F) -0 o

0 :|a:3sin(zi4)|§\$|3<5g’:6,

0<|z|<de =

and so
3ain (L) — 1
() = {41’ sm(x4) 4x cos (x4), x#0
0, z=0

The derivative f’ is continuous at all z € [—1,1] \ {0}, being the sum and product of
continuous functions there. But hH(l) f'(z) does not exist (and so is not equal to f/(0)):
T—

indeed, let z, = (%)1/4. Then z, — 0, x,, # 0, and the sequence
F(zn) = 4(:5)3 sin(nm) — 4(nm) Y4 cos(nm) = —4(nm)V/4(~1)"

diverges as it is not bounded. Thus f’ is not continuous on [—1,1]. [
Let f:[0,2] — R be defined by

. z€l0,1)
flx) =<3, =1
-3, z€ (1,2

Show directly that f is Riemann-integrable on [0, 2] and compute f02 f-



iii.

iv.

Proof: Let ¢ > 0 and define the partition P. = {0,1 —&,1 + ¢,2}. Since f is bounded
on [0,2], L(f) < U(f) exist and

L(f) 2 L(Pe; f) =1-(1—¢)+(=3) - (26) + (-3) - (1 —¢) = =2 —4e, and
Uf) SUP; f)=1-(1—e)+(3)-(2) +(=3)- (1 —¢) = =2+ 2.

Hence

—2—45<L() U(f) <—-2+42¢ foralle>D0.
Since € > 0 is arbitrary, then = L( ) ( ) < —2; by definition, f is Riemann-
integrable on [0, 2] and L(f) = = f [ |

Assume that f is continuous at 0. Show that g(z) = sin?(z)f(z) is differentiable at 0.

Proof: Let M = sup |f(z)|; by continuity of f we know M < oo. Then

lz|<1
i 2 ) . 9 )
lim sup o)) — o (O)f(O)' = limsup sin*(2)f(z) < M- lim |22 @) _ 0,
z—=0 z—0 x—0 x z—0 €T
so ¢'(0) = 0. u

Show that Z(k:z + k + 1) sin(kz)z* converges uniformly on z € [—a, a] for all 0 < a < 1.
k=0

Proof: Let a € (0,1). Consider the functions f, : [~a,a] — R, z — (k?+k+1)sin(kz)z*

k > 1. We have

1fu(@)| < My, = (K> +k+1)-a*, forall z € [—a,a].

[e.e] oo
Then My, > 0 for all k € N. If Z M, converges, Z fx(z) converges uniformly on [—a, a],

k=0 k=0
according to the Weierstrass M —Test. But
M, E+1)2+ (k+1)+1) a? k? +3k+3
lim ML = lim (k+1)°+(k+1)+1)-a :a'limL:a<l.

According to the Ratio Test, ) -, M}, converges, so ) . f converges uniformly on [—a, a]. B

o0 k
Let f(z) = Z (3k') Show that f’(z) exists and satisfies f’(x) = 3f(z) over some in-
k=0

terval of convergence (—R, R), without directly using the fact that d eCr = Cet®,

Proof: Let a; = %, k € N. The radius of convergence of the power series is

. 3F (k+1)! 5 k+1
=limsup — - ———— = limsu
k—)oop k! 3k+1 k—)oop

R = limsup

k—o0

= 0oQ,

Q41

and so the power series converges uniformly on the convergence interval R = (—o0, 00).
According to the Limit Interchange Theorem for power series, we thus have

d =Bz X d 3x)F SEBx)F3 0 S (3x)F 13
/ e p— e _— = = _— =
F@ =g "% D Dl =1 @)
k=0 k=0 k=0 k=1
which incidentally also shows that f’ exists. |



10

vi. Show that lim z'? sinlg(%) dx = 0.

n—o0 5

Proof: Let n € N. Then f, : [5,10] — R, defined by f,(z) = a:12 sm (%), is Riemann-
integrable on [5, 10] since it is continuous on [5,10]. However z'?sin'(£) = 0 on [5,10].

Indeed, let € > 0, then 3N, > /12 (independent of ) such that

10 31
n > N; and z € [5,10] = ‘3312 Sinlg(n 0‘ = z!? ‘Sln z)— 0‘ < 10'2 )n‘ ’Nig
Thus,
RRTINT) 10 12 : 19/ 10
. . z _ . . z _ _
nh_}n(}o i r o sin’’(T) dx /5 nh_}ngom sin™”(%) dz /5 Odx =0,
according to the Limit Interchange Theorem for integrals. |

5. Longer Proofs: answer all questions in this section. [3 marks each]

i.

ii.

Let f : [a,b] — R be differentiable on [a,b] and (x,) C [a,b] be a sequence such that
x, — p. If all the x, are distinct and f(z,) = 0 for all n € N, show f(p) = 0 and

f'(p) =
Proof: f is differentiable on [a, b] and so is continuous on [a, b], so
0= lim f(z,)=f( lim z,) = f(p).

Since the derivative of f at p exists and since x,, # p for all n € N, we can use the
sequential definition to compute the derivative at p:
— 0-0

n—00 Ty — P n—00 Ty — P

=0.

This completes the proof. |

Let f(x) = >, ana™ be given by a power series that converges uniformly on an interval
[—C, C], and for which all terms (a,) are nonzero. Show that there exists some § > 0 so
that f is monotone on [—4, d].

Proof: Since the power series converges uniformly, we have

o0 o0
= Znaw:”fl = Z(n + Day12”
n=1

n=0

for x € (—C,C). By assumption, |ai| > 0; WLOG, assume that a; > 0. We then have,
for x € (=C,C),

f' (@) = ar] <Y (n+ Dlag| |2]" = |2] Y (n+ 1)]ag| |2]" !
n=1

n=1

<z ) (n+1)]an] (0.1C)" " = |z|A.

n=1

<e€



iii.

Note that A < oo, since power series are uniformly and absolutely convergent on open

intervals within their radii of convergence. Thus, for all |z| < %,

f'(z) > a1 — Alz| 2%>0,

so f' is monotone on (=2t laly, [ |

Define the closure A of a set A C R? to be the union of A and the boundary dA of A.
Show that:

(a) A is closed.
Answer: Let x ¢ A. Since x is not in the boundary, there exists 7 > 0 s.t. one of
Bs,(x) N A, Bs,(x) N A€ is empty. But x ¢ A, so Bs,(x) N A® # &, and we conclude
Bs, (X) NA=a.
But B.(x) N A = @. Indeed, if not, there exists y € B,.(x) N A; by the last paragraph

y ¢ A but is in the boundary of A. But then B,(y)NA C Bs,(z)NA = @, so in fact
y is not in boundary. |

(b) If A C R? is bounded, then A is bounded.
Proof: Assume sup,cy|lall = M < co. Let b € A but b ¢ A. Then By(b) N A
contains a point ¢, and so ||b[| < |c|| +1 < M + 1. Thus, in both cases a € 4, or
ac Abuta¢ A, we have |ja|| <M +1 < 0. [ |

(c) Fix ¢ > 0 and a bounded set A C R?. Show that there exists a finite collection of
points X1, ...,x, € R% so that

A Q O BE(XZ'),
=1

where B.(x) = {y € R?: ||x — y|| < €} is the usual open ball of radius ¢ around x.

Proof: By the previous two parts, 4 is closed and bounded (hence compact). Con-
sider the collection of sets {B.(a)}, 4. This is clearly an open cover of A, so it has
a finite subcover {B.(a;)} ;. Thus

ACAC U B.(a;).
=1

This concludes the proof. |



