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Mathematical Analysis Chapter 3 — Sequences

Overview

A large chunk of analysis concerns itself with problems of convergence. In
this chapter, we

* introduce sequences and limits,
= provide results that help to compute such limits, and

= identify situations when the limit can be shown to exist without having
to compute It.

P. Boily (uOttawa) 1



Mathematical Analysis Chapter 3 — Sequences

Outline

3.1 — Infinity vs. Intuition (p.3)

3.2 — Limit of a Sequence (p.6)

3.3 — Operations on Sequences and Basic Theorems (p.24)
3.4 — Bounded Monotone Convergence Theorem (p.43)
3.5 — Bolazano-Weierstrass Theorem (p.48)

3.6 — Cauchy Sequences (p.58)

3.7 — Exercises (p.67)

P. Boily (uOttawa) 2



Mathematical Analysis Chapter 3 — Sequences

3.1 — Infinity vs. Intuition

When dealing with infinity, our intuition sometimes falters.

Achilles pursues a turtle. When he
reaches her starting point, she has
moved a certain distance. When he
crosses that distance, she has moved
yet another distance, and so forth.
Achilles is always trailing the turtle,
so he cannot catch her. Is this what
happens in reality?

Example: (ZENO’S PARADOX) r__f
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Example: (ANTI-PYTHAGOREAN THEOREM )

Consider a right-angle triangle with base a, height b, and hypotenuse c. We
can build staircase structures that each have the same constant length as
a + b, while increasing the number of stairs (see image below).

- A
C
C =\ Q,L-{\D'L b
o~
C = at—kb
??
k-
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Example: (INFINITE SuM I)
let S=1+(-1)+14+(=1)+---. Then

S=1+(-1)+1+(-1))+---=04+0+---=0
S=1-1+(-1)+1+(-1)+-)=14+5 = S=1/2
S=1+(-)+D)+((-1)+1)+---=1+0+0+---=1

Therefore 0 = % = 1. Does this make sense?

Example: (INFINITE SuM II)
Llet S=1+4+2+4+8+---. Then

S=1+21+24+4=8+4---)=14+28 = S=-1

Can a sum of positive terms yield a negative result?
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3.2 — Limit of a Sequence

A sequence of real numbers is a function X : N — R defined by X (n) = a,,
where a,, € R. We denote the sequence X by (a,)nen ofr simply by (a.,).

Examples:

1. X :N— R, n— 2nis the sequence with X (1) =2, X(2) =4, etc. We
may write (a,) = (2,4,6,...).

2. X:N—=R, n— % is the sequence with X (1) =

may write (a,) = (1,3,3,...).

DN

In general, we let N stand for whatever countable subset of N is required
for the definition of the sequence to make sense.
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A sequence as a function on N.
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The notation used for sequences varies from one resource to the next.

We will mostly use round brackets:

1 1
(an) where ap, = 5 <—2>, <]_,

all denote the same sequence.

A sequence is an ordered set of terms a,, that is, a set of indexed
values. The set of all values taken by the sequence (a,,) is called the range

of (a,) and we denote it by {a,}.

A sequence and its range are two different notions.
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Examples:

1. The terms of the sequence (-5) are (1,%,%,...), while its range is

{1,1.5,.--}.

2. The terms of the sequence (W) are (0,1,0,%,0,4

199 Yy gy
range is {0, 1,%,;,...}.

), while its

Certain sequences are defined with the help of a recurrence relation: the
first few terms are given, and the subsequent terms are computed using the
preceding terms.

Example: The Fibonacci sequence given by =71 = 1, o = 1, and
Tp = Tp_1+ Tn_o for n > 3 is the classic example: (1,1,2,3,5,8,13,...).
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1 1

l\DIr—L
[

We now examine in detail the sequence (z,,) = (5-) = (3,
As the index n increases, the values of x,, approach 0. But what does this
mean, mathematically?

Let € > 0. In theory, € could take on any positive value, but in practice we
are interested in small values ¢ < 1. Then the real number 2% IS positive,
l.e. 2_15 > 0.

According to the Archimedean Property, there exists a threshold N, € N
such that N, > QL

Different values of ¢ lead to different thresholds: for instance, if ¢ = —

100"
then N. > =——-~ = 50. If ¢ = then V. > 500, and so forth.

2(1/100) - 1000'
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No matter what value € > 0 takes, if we look at indices past the threshold
(i.e. when n > N.), we have

1 1 1
. . .
>N >2€ — n>2€(:>5>2n

Thus, for all indices n after the threshold N. (i.e. Vn > N.),

1

2n

1
= —<eg —= 0—e<2,<0+c

n—O: n| =
2 — 0] = |0l S

The interval (—¢,¢) thus contains all the terms of the sequence after the
Ncth term, which is to say z,, € (—¢,¢) for all n > N,.

Another way to say this is that the interval (—¢, ) contains all the terms of
the sequence (x,,), except maybe for a finite number of terms x1,...,z ..
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If ¢ = 100, according to the Archimedean Property, 4Ny /199 > = 50

(N1/100 = 51 does the trick) such that

__1
2(1/100)

n>>5l = |r,—0|=|z, =

In other words, the interval (—1/100,1/100) contains all the terms of the
sequence from n = 52 onward.

The threshold N /199 = 51 does not work for ¢ values smaller than 1,/100,
however.

If ¢ = 1/1000, for instance, we need Ny /1000 > m = 500 to guarantee

that all the terms after the threshold fall in the interval (—1/1000, 1/1000),
and so on.
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A sequence (x,) of real numbers is said to converge to a limit L € R,
denoted by

z, — L or lim x, =1L
n— oo

Ve >0, AN, € Nsuch that n > N. = |z, — L| < e.

A sequence (x,,) which does not converge to a limit is said to be divergent:
VL € R, Je;, >0, VN € N, dny > N such that |z,,, — L| > <.
There is only one way for a sequence to converge: its values are getting
closer and closer to the limit. But there is more than one way for a sequence

to diverge.

Can you think of some?
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]
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Examples:

1. Show that % — 0.

1

Proof. Let ¢ > 0. By the Archimedean Property, dN. > =, SO
1 1 1
€ > N2 If n > N_, then5<mand
1 0 1 1 _ 1 _
_ — = | —| = — _ E
n n n  Ng
This completes the proof. H

n—+1
2. Show that ooy — 0.
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Proof. Let ¢ > 0. By the Archimedean Property, AN, > % SO € > N%
If n > N_, then % < N% and

n—+1 n+1< 2n <2n 2< 2 -
— 0| = — =—< — <&,
n?+1 n2+1"n?2+1 n?2 n N,

This completes the proof. |

4—2n—3n2 3
3. Show that T~ T T

Proof. Let ¢ > 0. By the Archimedean Property, dN. > % SO
6>N%. If n > V., then%<NL€and

‘4—2%—3%2_( 3)'_|2(4—2n—3n2)+3(2n2+n) |8 —n]

2n2 +n 2 2(2n2 4+ n)  4n? 4+ 2n’
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Note that 8 — n <8 if 1 <n <&, and that n — 8 < &8n if n > §, so
that |8 —n| < 8n for all n > 1. Thus

18 — n| - 8n _ & 2 _ 2 _
- — - IS5
An?2+2n ~ 4n2+2n  4n? n N,

when n > N, which completes the proof. |

4. Show that (n) is divergent.

Proof. Suppose instead that (x,) converges to a € R. Let ¢ > 0.
By definition, 3N, € N such that |z, — a| = |n — a|] < € whenever
n > N, which implies that n < a + ¢ for all n > N, or that a + < is a
an upper bound for N. This contradicts the Archimedean Property, so
the sequence (n) must diverge. H
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The main benefit of the formal definition of the limit of a sequence is that
it does not call on infinity: we write n — oo, but that is a merely a notation
convenience.

On the flip side, the formal definition has 2 major inconveniences:

1. it cannot be used to determine the limit of a convergent sequence — it
can only be used to verify that a given candidate is (or is not) a limit of
a sequence;

2. it can seem artificial to some extent, especially upon a first encounter.

The goal is simple: we must determine a threshold V. that does the trick.
This often requires backtracking from the end of the string of inequalities
rather than to proceed directly from “Let ¢ > 0".
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We have been careful to refer to “a” limit when the sequence converges,
but we should really be talking about “the” limit in such cases.

Theorem 12. (UNIQUE LiMIT) A convergent sequence (x,) of real
numbers has exactly one limit.

Proof. Suppose that z,, — 2’ and x,, — 2”. Let € > 0. Then there exist 2
integers N, N" € N such that

|z, — 2’| < & whenever n > N. and |z, — 2| < e whenever n > N
Set N. = max{N., N}. Then whenever n > N_, we have
0< |z’ —2"| =o' —xp, + 2 — 2"| < |2y — 2’| + |2, — 2| < €+ € = 2e.

Thus()<|w $|<5 Ase:>0wasarb|trary| I —0and 2/ = 2". W
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A sequence (z,,) C R is bounded by M > 0 if |z,,| < M for all n € N.

Theorem 13. Any convergent sequence (x,,) of real numbers is bounded.

Proof. Let (z,,) C R converge to x € R. Then for ¢ = 1, say, AN € N
such that
|z, — x| <1 whenn > N.

Thanks to the reverse triangle inequality, we also have
lzn| — || < |z, —2x| <1 whenn > N,

so that |z,| < |z| + 1 when n > N.

Now, set M = max{|z{]|,...,|zn]|,|z| + 1}. Then |z,| < M for all n
and so (z,,) is bounded. H
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We can prove theorems directly, as in Theorem 13, by induction, as in
Bernouilli's Inequality, or by contradiction, as in the Archimedean Property.

The contrapositive of a statement P — () is =() — —P. These two
statements are logically equivalent to one another; it may be that it is
easier to demonstrate the contrapositive than the original statement.

The converse of a statement P — (@ is ) = P. There is no
general link between a statement and its converse: sometimes they are both
true, sometimes they are both false, sometimes only of them is true.

Example: The contrapositive of Theorem 13 is “Any unbounded sequence
is divergent”, which is valid since Theorem 13 is true. lts converse is “Any
bounded sequence is convergent” — we have to try to prove it (if we think
it is true), or to find a counter-example (if we think it is false).

P. Boily (uOttawa) 23



Mathematical Analysis Chapter 3 — Sequences

3.3 — Operations on Sequences

The following result removes the need to use the formal definition.

Theorem 14. (OPERATIONS ON CONVERGENT SEQUENCES)
Let (x,,), (y.) be convergent, with x,, — x and y, — y. Let c € R. Then

1. |zn| — |

2. (Tn +yn) = (T +y),
3. xpYyn — Yy and cxr, — cx;
4. Z—Z o % if yn,y %= 0 for all n.

Proof. We show each part using the definition of the limit of a sequence.
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Mathematical Analysis Chapter 3 — Sequences

1. Let ¢ > 0. As x,, — x, AN/ such that |z,, — x| < ¢ whenever n > N_.
But ||x,| — |z|| < |z, — x|, according to Theorem 6. Hence, for € > 0,

dN,. = N/ such that

|| = ||| < fzn — 2] <e
whenever n > N_, i.e. |z,| — |z|.

2. Let e > 0. Then £ > 0. As x,, = 2 and y, — ¥, EIN%’,N%’ such that

E g
[2n —xl <5 and yn -yl <g (1)

whenever n > Ng and n > N? respectively. Set N, = max {N%E’ Ng}
2 2
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Then, whenever n > N. (so whenever n is strictly larger than N;”/Q and

Ng/Q at the same time),

IA

[(Tn +yn) — (. +y)| = (0 — ) + (Yn — V)| [T — x| + [yn — ¥

e €
by (1) < 5“‘5:57

e, (Tn+yn) — (T +y).

3. According to Theorem 13, (x,) and (y,) are bounded since they are
convergent sequences. Then M, M, € N such that

zn| < M, and  |y,| < M,

for all n.
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€ € x Yy
Let € > 0. Then 5Ny 30, 0. Asz,, —» x, yp — v, Hsz\Zy’Nz&x e N
such that

E g
d n — Y| < 2
oM, and |y, — v I (2)

|z, — x| <

whenever n > N*. and n > N”. respectively. Moreover, |y| < M,

(otherwise ly';My > 0. Then, for ¢ = ly';My, we get

|yn_y’ > ||y|— !ynll > \yl—My:25>5

for all n € N, which contradicts the definition of y,, — y).
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oMz 2My

Set N, = max {Nx8 NV, } Then, whenever n > NN,

Tnyn — Y| = |TnYn — Tuy + Ty — Y| T (Y — y) + y(zn — 2)|

< ‘anyn_y“" ‘nyn_x‘
< Mylyn —y| + M|z, — 2|
€ g
by (2) < Mx _‘|‘M
2M, Y2M,
2 2 7

l.e. TplYn — TY.

Furthermore, if the sequence (y,) is given by y, = ¢ for all n, then
the preceding result yields cx,, — cx, since y,, = ¢ — ¢ (You should show this).
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4. It is enough to show = — L under the hypotheses above: then the result
g Y yp

n

will hold by part 3. Since y # 0, vl > 0. Hence, as y, — y, 3N)y2 € N
such that |y, —y| < vl whenever n > Ny . According to Theorem 6,

2

Y
\yI — |yn| < \y — yn\ < %, and so
Y| 1 9
— <lyn| or < (3)
2 ynl Y

whenever n > N, /2 (these expressions make sense as neither y,, nor y
is O for all n).
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Let € > 0. Then |y[?5 > 0. As y,, — ¥, IN)y2¢ € N such that

22

9 — ol < Iy (4)

whenever n > N|y|2%. Set N, = maX{Ny le|2€}. Then, whenever
g

n > Ng,
i_l|:‘y_yn _ ‘y_yn‘
Un Y Yny Yny|
2|y — n
Vo < ly 2y |
Y|
2 1 1
by (4) | < |y[28 e, le. — — —. |
ly[2 2 Yn Y
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Can the limit of a sequence whose terms are all near 2 be —197 07 17 27

Theorem 15. (COMPARISON THEOREM FOR SEQUENCES)
Let (x,),(yn) be convergent sequences of real numbers with x, — =,
Yn — Yy, and x,, <y, Vn € N. Then x < y.

Proof. Suppose that it is not the case, namely, that x > y. Then x—y > 0.
Set ¢ = 5% > 0. Since z,, = x and y, — y, IN?, NY € N s.t.

|z, — x| < € whenever n > N? and |y, — y| < € whenever n > NY.

Let N. = max{NZ N¥Y}. Then, if n > N, we have

B rT—Yy TT+Y =y
U <Y +e=y—+ 5 T o = 5

=T — < Tp.

But this contradicts the assumption that z,, <y, for alln, .. x < y. H
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/N The “<"s in the statement of Theorem 15 cannot be replaced by “<"s

throughout. For instance, if () = (%4—1) and (y,,) = (&), then z, < yy

forallneN, butz, >2=0,y, >y=0,and0=2 £ y = 0.

Theorem 16. (SQUEEZE THEOREM FOR SEQUENCES)
Let (x,), (Yn),(2n) € R be such that x,,z, — « and x, < y, < zn,
Vn € N. Then y, — «.

Proof. Let ¢ > 0. By convergence of (x,), (2) to a, AN*, NZ € N s.t.
|z, — a] < & whenever n > N’ and |z, — a| < & whenever n. > NZ.

Let No. = max{NZ? NZ}. Whenn > N, a—e <z, <y, <z, < a+¢,
which is to say, that |y, — a| < . Consequently, y,, — a. H
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We can use these various results to compute the following limits.

Examples:

3 1
1. Compute lim n

n— 0o n

if the limit exists.

Solution. Note that % = 3+ % According to Theorem 14, if the
limit exists we must have

lim = lim
n—oo n n—oo

3+ 1 1 1
nt (B—I——)zlim 3+ lim —=3+0+3.

n n— 00 n—oo N,

Reading the string of equality backwards, we see that the original limit
must exist and be equal to 3. H
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in(n? + 212
2. Compute lim sin(n” + )

n— 00 n

~1f the limit exists.

Solution. We cannot use Theorem 14 since neither the numerator
nor the denominator limit exists. This does not necessarily mean that
the limit of the quotient does not exist. In order to determine if it does,
we need to use another approach.

By definition of the sin function (which we take for granted for now), we
have —1 <sinx <1, Vx € R. Thus

1 sin(n? + 212
1 <sin(n?+212) <1, ¥n — L < Snn7F212)

n n

1
< —, Vn.
n
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As i% — 0, we can use the Squeeze Theorem to conclude that

lim sin(n? + 212)

n— 00 n

= 0. |

2n — 1
3. Compute lim e

1f the limit exists.
n—oo N -+

Solution. We cannot apply Theorem 14 directly since neither the
numerator nor the denominator limits exist.

However,

2n—1 1/n-(2n—-1) 2-1/n
n+7 1/n-(n+7) 1+7/n

when n # 0.
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Because each of the constituent parts converge (and because the
denominator is never equal to 0, either in the limit or in the sequence),
repeated applications of Theorem 14 yield

y on — 1 nli_)rrolo(Q—l/n) Q—nli_{glol/n 9.0
11m p— p— = — =
n—oo n + 7 im (1+7/n) 14+7-1lim 1/n 1470
n—oo n—oo
This is basically a calculus argument. H

4. Let (x,) be such that |z,,| — 0. Show that z,, — 0.

Proof. Since —|z,| < x, < |z,| for all n € N according to Theorem 6,
and since —|z,|, |z,,| — 0 by assumption, then x,, — 0 according to the
Squeeze Theorem. |

P. Boily (uOttawa) 36



Mathematical Analysis Chapter 3 — Sequences

Note, however that if |x,,| — a # 0, we cannot necessarily conclude that
x, — «. Consider, for instance, the sequence (z,) = (—1)".

5. Let |g| < 1. Compute lim ¢", if the limit exists.
n—oo
Proof. If ¢ =0, then ¢" =0 — 0.
If ¢ £ 0, then ﬁ > 1. Thus, 3¢ > 0 such that ﬁ =1+t

From Bernoulli's Inequality, we have

1 n
(W) =1+t)">1+nt, Vn € N,
q

so that 0 < |¢"| < |q|™ < 1+1nt.
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But ﬁ = 0 when n — oo (does this need to be proven?); thus
lg"| — 0 according to the Squeeze Theorem, and so ¢" — 0 by the
previous example. |

6. Let |¢g| < 1. Compute lim nqg", if the limit exists.

n—oo

Solution. The proof that ng” — 0 is left as an exercise; it is similar
to the proof of part of the previous example, but uses an extension of
Bernoulli's Inequality:

1
(14 1) > 1—|—nt—|—n(n2 )2 fort>0.n> 1.

which can be proven by induction. |
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7. Show that /n — 1.

Proof. Let £ > 0. Then1l+e>1and 0 < 1}r€ < 1.

1
1+e-

mn
Claim: n (11{5) > 0 when n — oo (use previous example with ¢ =

Hence, dM; € N such that

‘<1f€>n—0‘<1whenn>Ml — 1 <n < (1+¢)" when n > M;.

Set N. = M. Then 1 —e <1 <n'/™ <1+e when n> N.. But this is
precisely the same as |n'/" — 1| < € when n > N,; thus n'/* - 1. W
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!

nl
8. Compute lim —, If the limit exists.
n—oo NN

Solution. Since

[ (n—-1)-----2.1 1
ot =l <L vnen,
nm M -7+« - n-n n
and + =~ — 0, the squeeze theorem |mpI|es——>O |

1/n

9. Let @ > 0. Compute lim a*/", if the limit exists.

n—oo
Solution. Since @ > 0, we have & - > 0. According to the Archlmedean
Property, 3N, > max{a, -}. For every n > N,, we then have + < a < n.
Thusn—\/ﬁg Ya < {/n for all n > N,. But f—>1byapreV|ous
example, so /a — 1 by the Squeeze Theorem. N
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10. Compute lim +/3™ + 57, if the limit exists.

n—oo

Solution. Since
5P < 3"+ 5" </ 45" =2.5"<n-5" VYn> 2,

then

5< V3457 < Un-5, Vn > 2.

But we have seen previously that /n — 1.

The Squeeze Theorem can then be applied to the above chain of
inequalities to conclude /3™ 4+ 5™ — 5. |
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Theorem 17. Lety, — y. Ify, > 0Vn €N, then \/y, — \/y.

Proof. According to Theorem 15, y > 0. There are 2 cases:

= Ify=0,lete > 0. Then 2 > 0. Since y,, — 0, IM_> € N s.t. whenever
n > M_2, we must have |y, — 0| = y,, < °. Now, set N, = M_o.

\/yn_0| :\/yn<\/€72:€.

Then whenever n > V.,

“Ify >0, let e >0. Thene,/y>0. Since y, — y, IM. 5 € N s.t.
whenever n > M. Yn — y| < ey/y. Now, set N, = M s.

Then whenever n > N¢, |\/yn — /Y| = \}Z_Z:L% < |yf/_§y| < 6\/\/5 = €.

In both cases, we have \/y, — /¥. |
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3.4 — Bounded Monotone Convergence Theorem

A sequence (z,,) is increasing if

1< < < zpi1 <---, VneN
and it is decreasing if

X1 2>2To > 2> Xy > Tpai -+, Vn &N,

If (z,) is either increasing or decreasing, we say that it is monotone. If it
is both increasing and decreasing, it is constant.

When the inequalities are strict, then the sequence is strictly increasing or
strictly decreasing, depending, and thus strictly monotone.
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Theorem 18. (BOUNDED MONOTONE CONVERGENCE)
Let (x,,) be an increasing sequence, bounded above. Then (x,) converges
to sup{z, | n € N}.

Proof. Since the sequence (x,) is bounded above, so it its range {x,}. By
completeness of R, x* = sup{z,, } exists. It remains only to show x,, — x*.
Let € > 0. By definition, * — ¢ is not an upper bound for {z,,}. Then
4N, € N such that

rt—e<any <z" <z +e
But (z,,) is increasing; in particular, xn. < z,, when n > N_.. Thus
n>N, — 2" —e<ux,<x*+e,

so x, — T*. H
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A similar result holds for decreasing sequences that are bounded below.
Examples:

= Does the sequence (z,) = (1 — +) converge? If so, what is its limit?

Solution. AS%Z - for all n € N,
1 1<1 ! <
Lp —1 ——>1— > Tn41,
n n+1 +

and so (z,) is increasing. Furthermore, z,, <1 for all n € N. Then (z,,)
converges by the Bounded Monotone Convergence Theorem, and

lim x, =sup{z,} =sup{l—1/n} = 14+sup{—1/n} = 1—1nf{1/n} = 1.

n—00 neN neN neN
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» Let (x,) be defined by z,, = /2x,_1 when n > 2, with z; = 1. Does
() converge? If so, to what limit?

Solution. We first show, by induction, that (x,,) is increasing.

— Base Case: 7o = V2> 1= x1.
— Induction Step: Suppose x;. > x_1. Then

20, > 201 = V2T > \/2Tp—1 = Tky1 > Tk
Thus z,,11 > x, for all n € N.

Next we show, again by induction, that (z,,) is bounded above by 2.
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— Base Case: 1 <z =1<2.
— Induction Step: Suppose 1 < z; < 2. Then

2<20,<22=4 = 1<V2<V2z,<V4=2 = 1<uz441 <2
Thus z,, < 2 for all n € N (why did we include the lower bound 17).

Thus, according to the Bounded Monotone Convergence Theorem,
T, — = sup{x, | n € N}. But

r= lim z, = hm Tni1 = lim 2z 2 lim z,, = V2,

n—oo n—oo n—oo

whence 22 = 2z. So either x =0 or z = 2. But z,, > 1 for all n € N,
so x > 1 according to Theorem 15. Thus z,, — 2. |
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3.5 — Bolzano-Weierstrass Theorem

The main result of this section is a corner stone of analysis, concerning
bounded sequences and their subsequences.

Let (z,) C R be a sequence and ny < ny < --- be an increasing string of
positive integers. The sequence (2, )k = (T, Tn,, --.) is a subsequence
of (x,,), denoted by (z,,) C (z,). Note that ny > k for all £ € N.

Examples:

= Let (z,) = (£). Both (37) = (5,%,...) and (1,3, 5,75, 75,575+ - -)

are subsequences of (z,) as they sample the original sequence while

preserving the order in which the terms appear. But (1, %, %, %, ...) is not
a subsequence of (x,) as % — x3 appears before % = Io.
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* The sequence (z3,) = (x3,xg,Tg,...) iS a subsequence of (x,) for any
sequence ().

= Every sequence (x,) is a (non-proper) subsequence of itself.

" If (yx) = (wn,) is a subsequence of (x,,) and (2;) = (yx,) is a subsequence
of (yx), then (z;) = (x,, ) is a subsequence of (z,,).
J

Theorem 19. Let z, — z. If (zy,,) C (z,,), then z,, — x as well.

Proof. Let ¢ > 0. Since z,, — x, 3N, € N such that |z,, — x| < £ whenever
n > N.. But (z,,) is a subsequence of (x,,), so ny > k for all & € N.

Then |z, — z| < € whenever n;, > k > N,, so x,,, = = when k — co. W
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The converse of this theorem is false: can you find a divergent sqeuence
with convergent subsequences?

The next result is surprising, deep and useful.

Theorem 20. (BOLZANO-WEIERSTRASS)
If (x,,) C R is bounded, it has (at least) one convergent subsequence.

Proof. We build a subsequence as follows: as (x,,) is bounded, there is an
interval I1 = [a,b] s.t. (x,,) CI;. Let ny = 1. Then x,, = x; € I; and

b—a

length(l1) =b—a = 50

Set I = [a, %£%] and I} = [2£2, 0],

Ai={neN|n>njandz, €I}, Bi={neN|n>n;andz, € I{}.

P. Boily (uOttawa) 50



Mathematical Analysis Chapter 3 — Sequences

At least one of Ay, By must be infinite as Ay UB; ={n €N |n > ny}:

= [f Ay is infinite, set I = I{. Since A; is an infinite set of integers, it
is not empty. By the Well-Ordering Principle, A; contains a smallest
element, say ns.

= |f Ay is finite, set I = I}’. Since By is an infinite set of integers, it is not
empty. By the Well-Ordering Principle, By contains a smallest element,
Say 1g.

Either way, there is an integer ny > n; such that x,, € Is, I; 2 I3 and

b—a
21

length(ls) =
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Now, suppose that I;_1 O I are intervals with

b—a b—a

length([l_1) = = and length([y) = TR

that dnp_1,ni € N such that np_1 < ng, Tn,_, € Ip_1, xp, € I, and that
at least one of the corresponding sets A._1, Bi_1 is infinite.

Write Iy, = [a, 8]. Set I}, = [a, %FP] and I} = [2£2, ),

Ay, ={neN|n>ngandz, €I}, Bpy={neN|n>n;andz, €I}

One of Ay, By, must be infinite as AxUBy = {n € N |n > ny and z,, € I};}
is infinite.
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= If Ay is infinite, set Iyy1 = I;. Since Ay is an infinite set of integers,
it is not empty. By the Well-Ordering Principle, Ax contains a smallest
element, say 1y 1.

= If A is finite, set Ix11 = I;). Since By is an infinite set of integers,

it is not empty. By the Well-Ordering Principle, By contains a smallest
element, say nj1.

Either way, there is an integer ngy1 > ng s.t. Ty, q € Ixyq, Iy 2 Igyq and

b—a
2/4

length(ly11) =
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By induction, we have

1. 1D, D I, DIpi1 2D+

2. for each k € N, length([y) = %;
3. foreach k €N, z,,, € I, and

4. np <ng < - <np <Ny < -+

Furthermore, b;—,j‘ — 0 (since it is a subsequence of =% — (). According

to the Nested Intervals Theorem, then, 3¢ € [a, b] such that

ﬂ I, = {&}-

k>1
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It remains to show that x,, — &.

Let € > 0. By the Archimedean Property, 3K, € N such that 281 > I’_Ta
Hence

b—a b—a

2k—1 < 2K5—1

k>K., = 281 <9kl — < < e.

Since £ € I, for all kK € N, then

b—a b—a
k>K€:>|xnk—§]§2k_l< < e,

which is to say x,, — . |
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We have mentioned that a sequence (x,,) which diverges is one for which
VL € R, Je;, >0, VN € N, Iny > N such that |z, — L| > ¢p.

If (x,,) does not converge to L, it is easy to construct a subsequence (z,, )
that also fails to converge to L:

= let n; € N be such that ny > 1 and |z,, — L| > €;
= let ny € N be such that no > n; and |z, — L| > ¢;
= etc.

Note that there might be some subsequences of (x,) that do converge to
some L, however: z, = (—1)" diverges, but x9, = (—=1)*" =1 — 1.
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Theorem 21. Let (z,) C R be a bounded sequence such that every one
of its proper converging subsequence converges to the same x € R. Then
Ty — .

Proof. Let M > 0 be a bound for (x,). Then |z,| < M for all n € N.

If (x,,) does not converge to z, then I(z, ) C (x,) and an gg > 0
such that
|z, — x| > e forall ke N.

But (z,,) is also a bounded sequence, and so, by the Bolzano-Weierstrass
Theorem, there is convergent subsequence (z,, ) C (2n,) C ().
J

But all subsequences of (x,) converge to z, by assumption, so Tp, — T.
J
That is to say, for g > 0, AN, € N such that |z,,, — x| < g9 whenever
J
k; > j > N¢,, which contradicts the above property. Hence z,, - z. W
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3.6 — Cauchy Sequences

A main challenge with the definition of a limit of a sequence is that we need
to know what the limit is before we can show what it is, in which case we
do not need to show what it is...

A sequence (z,,) is a Cauchy sequence if
Ve > 0, dN. € N such that m,n > N, = |z, — x,| < €.
Incidentally, (x,) is not a Cauchy sequence if

Jdeg > 0, VN € N, Imy,nny > N such that |z, — Tn,| > 0.
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Examples:

1. Show that (z,,) = (%) is a Cauchy sequence.

Proof. Let ¢ > 0. By the Archimedean Property, AN, > % Thus

Thus (x,) is Cauchy. H

2. Show that (z,) = (1+ 3+ -+ <) is not a Cauchy sequence.
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Proof. Let m > n. Then%Zﬁz---Z%and
1 1 1 1 (m —n) n
n-+1 m - m m, m m

In particular, if m = 2n, then |x,, — z,| > % for every n € N, and so
() is not a Cauchy sequence. H

In essence, a Cauchy sequence is a sequence for which the terms can get
as close to one another as one wishes, after a threshold (which depends on
the desired distance).

The next result shows that Cauchy sequences behave like convergent
sequences in R — we will soon see that the similarity is in fact not pure
happenstance.
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Theorem 22. [If (x,,) is a Cauchy sequence, then it is bounded.

Proof. Let 1 > ¢ > 0. Since (x,) is a Cauchy sequence, N, € N such
that |z,, — x,| < € whenever m,n > N..

Set m* = N.+ 1. If n > N_, then
Zn| = T + (@0 — T )| < | + [T — Tnx| < || + €.
Set M = max{|x1|+ 1,...,|zn.| + 1, |Tm=| + 1}.
Then |z,| < M for all n € N. H
We could also show that the sum of two Cauchy sequences is a Cauchy

sequence, that every bounded Cauchy sequence admits at least one
convergent subsequence, and so forth.
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Cauchy sequences in R behave like convergent sequences in R because ...

Theorem 23. A sequence of real numbers is convergent if and only if it
is a Cauchy sequence.

Proof. Let (x,,) be the sequence under consideration.

> 0 and dM, /o such

DO

Suppose that x,, — x, say. Let ¢ > 0. Then
that

DO | ™

n>M.y = |z, 12| <

Set N = M, /5. When n,m > N, we have

E E
’ajm_xn‘S’wm_w‘FQj_wn’§|$m_$‘+‘$_$n|§§+§:€7

which is to say that (x,) is Cauchy.
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Now suppose that (x,,) is Cauchy. According to Theorem 22, it is a bounded
sequence, and so must admit a convergent subsequence (x,,_) C (x,) by
the Bolzano-Weierstrass Theorem, with x,, — x, say.

Let € > 0. Since (z,) is Cauchy, M, /5 € N such that

£
n,m > M, = |2y — Tp| < 5

Since (x,,) converges to x, IN > M, /5 such that |zy — x| < 5. Set
Ne = M, /5. Then

£ €
n> N, = |rp,—z| =|zp—axntaen—z| < |rp—zNn|+|lzy—2] < §—|—§ =5

and so (z,,) is convergent. H
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Examples:

1. As the sequence (z,,) = (14 %+ ---+ =) is not a Cauchy sequence, it
does not converge.

2. Compute the limit of the sequence defined by x, = %(Z‘n_g + xp_1),
n > 2, with x1 =1 and x5 = 2.

Solution. We cannot use the Bounded Monotone Convergence Theorem
as (x;) is not monotone. However, (x,) is a Cauchy sequence. Indeed,

‘xn—l—l — xn| — ‘%(xn—l + xn) — xn‘ — _‘xn - xn—1| — 2_12‘3371—1 — xn—Z‘
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Let £ > 0. By the Archimedean Property, 3N, € N such that ﬁ < E.
Then, whenever m > n > N,

|xm _ xn‘ < |xm _ xm—ll + ‘xn—I—l _ xn‘

1 1 1

- om—2 Tt on—1 < on—2 < 2N€—2 < €.

Being a Cauchy sequence, (x,) is convergent according to Theorem 23.
Let x,, — . From Theorem 19, we must have x9,.1 — = as well.

It is left as an induction exercise to show that

1 1 1 3 1
$2n+1:1+§+?++22n_1:1+1 1_4_n .

2 _ 5 __
Thenx2n+1—>1—|—§—§—x. H
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Cauchy sequences illustrate the fundamental difference between R and Q.
A sequence is Cauchy if the points of the sequence “accumulate” on top of
one another. In R, every Cauchy sequence is convergent, and vice-versa.

In QQ, the converging sequences are Cauchy, but there are Cauchy sequences
that do not converge: it is possible that the points of such a sequence
“accumulate” around of the (uncountably infinitely) many holes of Q.

For instance, the sequence (1,1.4,1.41,1.414,...) is Cauchy in Q, but
does not converge in Q.

This leads to one of the ways of building R: we take all Cauchy sequences
in Q and add whatever point the sequences “accoumulates” around to R
(there is more to it than that, but that is the main idea). In this example,
we would get to add v/2 to R.
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3.7 — Exercises

1. The first few terms of a sequence (x,) are given below. Assuming that the “natural
pattern” indicated by these terms persists, give a formula for the nth term x,,.

(a) (5,7,9,11,...);

(d) (1,4,9,16,...).
2. Use the definition of the limit of a sequence to establish the following limits.

1
(a) lim = 0;
n—oo \ N2 +1

2
(b) lim ( - >=2;
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@ Jim (

“Uﬂ(
3. Show that
@Hﬂ(
(b) lim (

n—oo

@ tim (2
St

(d) lim (

4. Show that

3n +1
2n + 5

) 3
= —, and

n®—1
2n2 + 3
n—|—2> -

n? 4+ 1

lim (
n—oo

) =0

1 1 )
— — 0
n n+1
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5. Find the limit of the following sequences:

@ jm ((2+3) )

0 o (5

0 i (22) o

(d) Jim, (Zjal )

6. Let y, = v/n + 1 — y/n. Show that (y,) and (1/ny,) converge.

7. Let (x,) be a sequence of positive real numbers such that :1:71,/" — L < 1. Show
dr € (0, 1) such that 0 < x,, < r" for all sufficiently large n € N. Use this result

to show that z,, — O.

8. Give an example of a convergent (resp. divergent) sequence (x,) of positive real

1/n
n

numbers with x — 1.

9. Letxy =1, xp11 = V2 + x,, for n € N. Show that (x,,) converges; find the limit.
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10.

11.
12,

13.

14,
15.

16.
17.
18.

19.

n

Let z,, = Z% for all n € N. Show that (x,) is increasing and bounded above.
k=1

Show that ¢'/™ — 1if0 < ¢ < 1.

Let (x,,) be a bounded sequence.

For each n € N, let s,, = sup{xr : k > n}. If S = inf{s,}, show that there is a

subsequence of (x,) that converges to S.

Suppose that x,, > 0 for all n € N and that ((—1)"x,) converges. Show that (x,)

converges.

Show that if (x,,) is unbounded, there exists a subsequence (x,, ) with 1/x,, — 0.
If x,, = # find the convergent subsequence in the proof of the Bolzano-Weierstrass
theorem, with I, = [—1,1].

Show directly that a bounded increasing sequence is a Cauchy sequence.

If0 <r < 1and|x,t1 — x| < 7" forall n €N, show that (x,) is Cauchy.

If ;1 < o and xz,, = %(a:n_l + x,_2) for all n € N, show that (x,) is convergent
and compute its limit.

Suppose that (a,,) is a bounded sequence and b,, — 0. Show that a,,b,, — O.
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20.

21.
22.

23.
24.

Consider the sequence given by the recursion an+1 = 3(an + a '), with some initial
condition a1 € (—o00,0) U (0, 00). Find and prove the limit, if it exists.

Let (a,) be a sequence with no convergent subsequences. Show that |a,| — oc.
We define the limit inferior and the limit superior of a sequence as follows:

liminf a, = lim inf{ax | kK > n}
n—oo n— oo

limsup a, = lim sup{a; | k > n}.
n— 00 n—00

Let (a,) be bounded. Show that lim inf a,, and lim sup a,, exist and are in R.

n—o0 n—00
Let (a,) be unbounded. Show that lim inf a,, = —oo or lim sup a,, = oo.
n—o0 n—00

Let (a,), (by) be two sequences. Show that

liminf a,, + limsup b,, < lim sup(a, + b,) < lim sup a,, + lim sup b,,.

n—r 00 n— 00 n— 0o n— 00 n— 0o

Furthermore, find a pair of sequences for which the second inequality is strict.
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Solutions

1. Proof. There is no general method. This question is a wee bit on the
easy side...

(a) Odd integers > 5: x,, = 2n + 3 for all n > 1;
(b) Alternating powers of 2: z,, = (—1)" "L for all n > 1;

(c) Fractions where the denominator is one more than the numerator:
xn:niﬂforalanL

(d) Perfect squares > 1: x,, = n? for all n > 1. []
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2. Proof.
(a) Let ¢ > 0. By the Archimedean property, there is a positive integer
N; > % Then
1 0 1 - 1 - 1 - 1 -
— — - _ - €
n? + 1 n2+1 n? " n N, ’

whenever n > V..
(b) Let € > 0. By the Archimedean property, there is a positive integer

N€>§. Then
2n 2 2 2 2
—2| = |- = < - < —<g,
n—+1 n—+1 n+1 n N;

whenever n > N..
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(c) Let ¢ > 0. By the Archimedean property, there is a positive integer
Ng > % : % Then

3n+1 3

2n +5 2‘ a |_2(2n+5)

13 13 1 <13 1 13
2 2n+5 2 2n 4

which is smaller than € whenever n > V..

(d) Let € > 0. By the Archimedean property, there is a positive integer
N. > 2.1 Then

1
N,

1
2n? + 3

n®—1 1 5

2n2 + 3 2| a ‘_2(2n2+3)

<

<

W~ | Ot

1
n

W~ | O

! <
2n? —

DO | O

_0
9

which is smaller than ¢ whenever n > V..
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3. Proof.

(a) Let € > 0. By the Archimedean property, there is a positive integer
N, > 5% Then

1 1 1 1
— 0| = < < < g,
‘ n-+7 | vVn+7 /n  /N.

whenever n > N..
(b) Let € > 0. By the Archimedean property, there is a positive integer

N8>§. Then
2n 0 4 4 <4< 4 -
e = | — p— — —_— g
n + 2 n+2 n+2 n N ’

whenever n > N..
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(c) Let ¢ > 0. By the Archimedean property, there is a positive integer
N, > 8% Then

VN
n+1

\/ﬁ<\/ﬁ_1 1
n+1 ~n n VN

_0|:

whenever n > N..
(d) Let € > 0. By the Archimedean property, there is a positive integer

N, > % Then
(—1)"™n n__n 1 _ 1 _
—_ p— == — _— E
n? 41 n24+1 n?2 n N ’
whenever n > N.. | ]
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4. Proof. Let ¢ > 0. By the Archimedean property, there is a positive
integer N, > %

Then
1 1 0 1 _ 1 _ 1 .
- S — - - 8,
n n+1 n(l4+mn) n? N2
whenever n > NV.. L]
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5. Proof. We can only use the definition if we have a candidate.
Throughout, we will assume that it is known that % — 0.

(a) Note that (2+ 1) =4+ 2 + # Then, by theorem 14 (operations on
sequences and limits),

2 1 1 11
—=2-——2-0=0 and5=—-——=0-0=0,
n n n n n

sothat4+%—|—#—>4—|—0—|—0:4.

(b) Clearly,
1 (=D 1
< <

,  Vn € N.
n+2 n+2 n-+2 "
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Note that n + 2 > n for all n so that

1 1
0< <—, VneN;
n+2 n
as a result, —= — 0 by the squeeze theorem. Then ——= — —0 =0 by

+2
theorem 14, so that ( ) — 0 by the squeeze theorem.

—|—2

(c) Re-write 2= — 1 —

NS Note that

2
Vn+1

1 1
< —, VneN.

\F+1 N

We have seen that Tm 0; as a result of the squeeze theorem,
— 0. Then 1 — —1—2-0=1, by theorem 14.

1 2
Vvn+1 Vn+1

P. Boily (uOttawa) 79



Mathematical Analysis Chapter 3 — Sequences

(d) Note that n < ny/n < n? for all n € N so

‘ H

1
— < <—, Vnel.

S|+

B

n n

But %,%,ﬁ — 0 (see previous problems) so that ﬁ — 0 by the
squeeze theorem. Furthermore,

n+1_ 1

by theorem 14. ]
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6. Proof. As

0<Vn+1-+n=

! <—1 e N
,  vn :
vVn+1++y/n = Jn

and % — 0, then v/n 4+ 1 — y/n — 0 by the squeeze theorem.

_ - — —1
Note that /ny, = \/n(n+1) —n T for all n € N. Then,

according to theorem 14,

1 1 1
lim v/ny, = lim = =5
1+o+1 mn<w1++1>
n— oo n
since 1—|—%—|—1>2fora|ln€N. L]
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7. Proof. Since L <1, deg > Osuchthat L < L+ < 1. Then, 3Ny € N

such that
1/n

S — L] < ey whenever n > Nj.

ks
HenceL—€0<:c71/n<L—|—50 for all n > Ny. Set r = L + 9. Then
r € (0,1) and
O<x,<r"™ Vn> Np.

Let £ > 0. ™ — 0 (do you know how to show this?), AN, > N such
that »™ < € whenever n > N_, hence

|z, — 0| =2, <r" <e

whenever n > N.. []
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8. Proof. The sequences (z,) = + and (z,,) = (n) do the trick. You
should fill in the details or ask for hints if you're not sure how to show

this — there are other solutions. | ]
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9. Proof. We show (x,) is increasing and bounded by induction; by a
theorem seen in class, (x,) converges.

A quick computation shows x5 = /3.

Initial case: Clearly, 1 <z < x5 < 2.

Induction hypothesis: Suppose 1 < xp < xp11 < 2. Then

3<x, +2< 241 +2<4

and so

1 <V3 <V +2< /o +2< VA =2,

le. 1 < Lk+1 < Lk4+2 = 2.
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Hence (z,,) is increasing and bounded above by 2; as such z,, — x for
some x € R. exists.

But

r= lim z, = lim 2,41 = lim V2 + 2z, = \/2—|— lim z,, = V2 +x,
n— oo

n—oo n—oo n—oo

that is, 2 = 2+ 2. The only solutionsarez =2 or x = —1, but x = —1
must be rejected since 1 < z,, for all n.

Thus, z,, — 2. ]
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10. Proof. As m > (0 for all n € N, we have

+ + ! < 1+ + ! + !
:E g — o o [ [— [ f— n
"2 n? — 12 n?  (n+41)>? +
Furthermore, for any k£ > 2 € N, we have#<ﬁ—% Then
1 1
ZEn_ﬁ‘F?‘I‘" +ﬁ

=14+1+40+ - 40—=<2
n

for all n € N. Hence (x,,) is increasing and bounded above by 2.
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11. Proof. Let x,, = ¢'/™ for all n € N.

Since x4 = /(D) > cl/m = g foralln € N (as ¢ < 1), then (z,)
is increasing. Furthermore, 0 < ¢!/ < 1Y/ =1 for all n € N, so (z,,)
Is bounded above.

Hence (x,,) converges, and z,, — x, for some z € R. As all subsequences
of a convergent sequence converge to the same limit as the convergent
sequence, To, = c¢/2™ — . As such,

z= lim ¢/?" = lim Vc/7 = lim 7, =,/ lim z, = Vx,

n—oo n—oo n—oo n—oo

and so either x = 0 or x = 1. But as x,, increases to 1, there comes a
point after which all x,, are “far” from 0 (you should mathematicize this
statement...), so x, — 1. ]
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12. Proof. As (x,) is bounded, M > 0 such that —M < z,, < M for all
n € N. By definition, s1 > sy > --- and s,, > x; foralln e N, k£ > n.

Hence s, > —M for all n and (s,) is bounded below and decreasing,
i.e. (sp) is convergent.

Furthermore, for each n € N, as s,, = sup{zx : k > n}, Ik, € N s.t.

1
Sp— — < T, < Sp
n

(otherwise s,, is not the supremum).

The sequence (g, ) might not necessarily be a subsequence of (x,,), but
by deleting the terms that are out of order, the resulting sequence, which
we will also denote by (z, ) is a subsequence of (x,,).
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Then |
n

By the squeeze theorem,

0< lim |xg, —sp| <0, so lim |zg, —s,| =0.
n—oo n—oo

From a theorem seen in class, this means that

lim zp, = lim s, =5,
n—oo n—oo

where the last equality comes from the theorem on bounded
increasing /decreasing sequences. ||

P. Boily (uOttawa) 89



Mathematical Analysis Chapter 3 — Sequences

13. Proof. Let (—1)"x,, — «a.

Consider its subsequences

((—1)2n$2n> = (Clign) and ((—1)2”+1x2n+1> = (—.Clign_|_1) .

Then x9, — a and (—z2,11) — «.

But 2, > 0Vn € Nso a > 0. Similarly, —x2,.1 <0Vn € Nso a <0.
Since 0 < a<0, a=0.

By Theorem 14 (operations on limits),

lim |(—1)"z,| = [0] = 0.

n—oo

But |(—-1)"z,| = x, Vn, so x, — 0. ]
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14. Proof. As (z,) is unbounded, In; € N such that |z,,| > 1.

Moreover, Vk > 2, dni € N such that |z, | > k and ngy1 > ny
(otherwise the sequence would be bounded).

Let € > 0. By the Archimedean property, dK. € N such that K. > %

and
1 O‘ 1 - 1 - 1 -
- — < — - IS
T, zn, | Tk K
whenever k£ > K..
Thus, 1/z,, — 0. ]
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15.

Proof. We must first note that (x,,) is bounded by —1 and 1, so the
question makes sense.

Let ny = 1. Then x,,, = 1 = —1 and length(I;) = 2. Set I] = [—1,0]
and 17 = [0, 1].

We have

Ai={neN|n>nj;and z, € I1} = {3,5,7,9,11,...}
and

Bi={neN|n>n;andz, € I{} ={2,4,6,8,10,...}.

Since A; is infinite (why?), set Iy = I{ = [—1,0] and ny = min A; = 3,
so that z,,, = —1/3. Note that no > ny, Iy C I, and length(l2) = 1.
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Set I}, = [~1,—1/2] and I} = [~1/2,0].

We have
Ao={neN|n>ngand z, € I}} =&

and
Bo={neN|n>nsand z, € Iy} ={5,7,9,11,13,.. .}.

Since Aj is finite, set I3 = I/ = [—1/2,0] and n3 = min By = 5, so that
Tpy = —1/5.

Note that n3 > ny > ny, I3 C I C I, and length(I3) = 1/2.
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For k > 3, we set I, = [—1/2F2 —1/2F=1 and I}/ = [-1/2%"1,0].
Then
Ay ={neN|n>ngandz, €I} =9

and
By={neN|n>ngandx, € I} = {2k + 1,2k + 3,2k +5,...}.

Ay is finite, so set Ij.y1 = I}/ = [—1/2F71 ().

—1

Furthermore, ny1 = min B, = 2k + 1 so that z,,, = T

Note that Ni41 > N > =+ > N > Ny, Ik;_|_1 CcCl,C...CI, CIand
length([;41) = 1/2F2.

The convergent subsequence is thus is —1,—1/3,—1/5,... = 0. ]
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16. Proof. Let £ > 0.

By completeness of R, z* = sup{x, | n € N} exists as {x,, | n € N} is
bounded and non-empty.

In particular, 3Me € N such that

But «* > x,, > x5/. whenever n > Me.
5 2

Let N, = M%. Then

e €
\xm—xn|:|azm—ax*+x*—xn|§|:c*—:cm|+]a:*—ajn|<§+§:€

whenever m,n > N.. L]

P. Boily (uOttawa) 95



Mathematical Analysis Chapter 3 — Sequences

17. Proof. Let € > 0.
By the Archimedean property, N, > log,. (¢(1 — 7)) +1, i.e. rVe71 < ¢,
Then

1%1—'$n|S|$nz—%%n—1ﬁ+"'+ﬂ$n+1—-$n|

Tn—l TA@—I

m—1 n
< e o o < <
" + tr 1 —7r 1 —7r

< €

whenever m > n > N..

(The third last inequality holds since 7™~ 1 + ... + 7™ is a geometric
progression. ) ]
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18. Proof. We start by showing that (x,) is a Cauchy sequence. let

L = Xo — I1. Then
L

2n—2

’xn - xn—1| S
by induction (show this!).

Let £ > 0. By the Archimedean Property, 3N, € N such that 2N—{;_2 < E.
Then

‘xm - xn| S ‘xm - xm—l’ + |xn—|—1 _ xnl

L L L L

< 9m—2 o on—1 < on—2 < 9N —2 <€

whenever m > n > N.. Hence (x,) is a Cauchy sequence, and so it
converges.

P. Boily (uOttawa) 97



Mathematical Analysis Chapter 3 — Sequences

Let z,, — x. We can show, by induction (do this!), that

L L L
£E2n+1:331—|—§—|—?‘|‘“"|‘22n_1

for all n € N. In particular,

: . (L L L )
r= lim zop41 =21+ lm | =+ +

n— 00 n—oo \ 2 23 22n—1

L 1 1
=w1+§nh_>ngo I+t t5m

L (1 —(1/22)

— S
xr1 + 1m . (1/22)

n—oo

2 1
) = I -+ §L = §(f]§1 -+ 25132)

For instance, when x1y =1 and 23 = 2, x,, — 5/3. ]
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19. Proof. Since (a,) is bounded, there exists some 0 < M < oo so that
sup,, |a,| < M.

Next, we will check that a,,b,, — O.

Fix some ¢ > 0. Since b, — 0, there exists some N, so that for
all n > N¢, |b,| < 7. Thus, for all n > N,

lanbn| < M]by| < M% — .

Thus, a,b,, — 0. H
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20. Proof. Consider a value of n for which a,, > 1. For this value,

1

1
Upi1 = §(an +a; Y < =(an, +1).

2
On the other hand, consider the function f(z) = 2(z+x ') with domain
x € (0,00). We recognize (e.g. from completing the square) that, on
this domain, the function is minimized at x = 1. In particular, f(z) > 1
for all x € (0,00). Thus,
1 —1
Upi1 = §(a,n +a,") > 1.

Putting together the two displayed equations, for a,, > 1 we have

1
1§am4§§mn+n.
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We note that, by this bound, a,, > 1 for all n > 2 for any value of
a1 € (0,00). lterating the upper and lower bounds, we have

Continuing to iterate, we find
1 <apy <27 ag + (1 — 2771,
Applying the Squeeze Theorem, we calculate

1< lim apyq < lim (27" ay + (1 —27"1)) = 1.

n—oo n—oo

This completes the proof. |
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21. Proof. We prove this by contradiction. Assume that |a,| does not
diverge to infinity. Then there exists some M < oo such that the set
{n € N||a,| < M} is infinite.

Let 1 < m1 < mo < mg < ... be the indices satisfying |a,, | < M.

Set b, = am,,. Then {b,} is a bounded sequence and so has a
convergent subsequence {bg, }, by the Bolzano-Weierstrass Theorem.

But {am, }n = {bk,}n is in fact a convergent subsequence of (a),
contradicting the information given in the question. We conclude that
our assumption was false, and so that |a,,| diverges to infinity. H
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22. Proof. Define the sequence of sets B,, = {ax | k > n} and the sequence
of numbers b,, = sup(B,,), so that

limsupa, = lim b,.
n— 00 n—00

We note that B; D Bs D ..., which implies sup(B;1) < sup(Bs2) < ...
which means that {b,,} is monotone decreasing.

Furthermore, since (a,) is bounded, there exists some —co < M < o
so that a,, > M for all n € N.

But this M is a lower bound for (a,), which means it must be a
lower bound for B,, for all n € N, which means b,, = sup(B,,) > M for
all n € N as well.
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Thus, we have shown that {b,,} is a monotone decreasing sequence that
is bounded from below. Hence, by the monotone convergence theorem,
It has a limit and so

limsupa, = lim b,
n— 00 n—00

exists.

The proof for the lim inf statement follows a similar path. H
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23. Proof. Since (a,) is unbounded, for all 0 < M < oo there exists
n = n(M) satisfying |a,| > M.

Define the subsequence {b;} by setting by = a,(x), so that |by| > k for
all k € N. Since this is an infinite sequence, we have by the Pigeonhole
Principle that at least one of the two sets I, = {k € N | b, > 0},
I ={k e N|b; <0} is infinite.

In the case that I, is infinite, write the elements 71 < 19 < i3 < ...
in order and define the subsequence {c;} of {b,} by the formula
¢ = by, = an(;,). But then for all n, we have

supi{ag | k > n} > supia,g,) | £ > n}
=sup{ck | kK >n} >sup{k |k >n} = oc.
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Thus,

lim sup a,, = oo.
n—oo

The case that I_ is infinite is essentially the same, with the conclusion

liminf a,, = —o0.
n—oo

This completes the proof. |

As an aside, if I_, I, are both infinite, then we have

limsupa, = oo, liminfa, = —o0,
n— 00 n—00

which you can check holds for sequences such as a,, = (—n)", say.
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24. Proof. Fix € > 0. Then there exists some N. € N such that, for all
m > N, the following inequalities all hold:

€ . 3 .

— 4+ limsupa,, > a,, > —— + liminf a,
2 n—oo 2 n— oo

€ . € .

— + limsup b,, > b,, > —= + liminf b,,.
2 n— oo 2 n—oo

Adding the left-hand sided inequalities, we get:

G + by, < € 4 lim sup a,, + lim sup b,,.

n—oo n—oo

We conclude with our first desired inequality,

limsup(a, + b,) < limsup a,, + lim sup b,,.

n—oo n—oo n—oo
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To obtain the reverse inequality, again fix € > 0. Then there exists a
sequence {k,} so that

€ .
> —— 4+ limsupb,, for all m.
n—oo

bi

m

Chopping off the finitely-many terms in the sequence occurring before
the threshold N, and applying the above inequalities, we have, for all
m € N:

a, + by, > —g + lim inf a,, — % + lim sup b,,.

We conclude with the desired reverse inequality,

limsup(a, + b,) > liminf a,, + limsup b,,.

n— 00 n—oo n— 00
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For the second question, consider the sequences
an = (—1)", b, = (—1)"*1

It is clear that a,, + b, = 0 for all n, so limsup(a,, + b,) = 0. However,
n— oo

limsupa, = limsupb,, = 1. H
n—oo n—oo
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